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HONORS THESIS: EDGE DETECTION FROM INCOMPLETE AND
NOISY FOURIER DATA

JESSICA JIANG*

Abstract. In applications such as magnetic resonance imaging (MRI) and synthetic aperture
radar (SAR), the typically acquired Fourier measurements are noisy and under-sampled. Many meth-
ods have been developed to recover the underlying signal or its important structural information,
such as its interior boundaries or edges. This thesis expands on the Fourier concentration method
first introduced by Gelb and Tadmor in 1999. The modification is designed to increase adaptability
of the concentration method so that it may be more generally employed in the context of computa-
tional inverse problems. In particular the resulting method can capture the behavior produced by
sparsifying operators used in I! regularization techniques. Numerical experiments demonstrate that
our new approach is accurate in recovering edge information of a one-dimensional signal and is also
robust with respect to noise and undersampling.

1. Introduction. In applications such as magnetic resonance imaging (MRI)
and synthetic aperture radar (SAR), measurements are acquired as Fourier data, and
are typically noisy and under-sampled. Filtering can help mitigate the effects of noise
and reduce oscillatory artifacts but by design cause structure loss, since the solutions
are “smoothed out”. By contrast, iterative techniques such as {! regularization can
encode structural information using sparse transform operators but are inherently
more costly. If the edge information is known in advance, this encoding can be done
more accurately and efficiently.

The concentration factor edge detection method is one technique used for locating
these jumps [3]. These are Fourier space “filter” factors that “concentrate” the Fourier
partial sum towards the singular support (or “edges”) of the underlying function or
image. Concentration factors have been specifically designed to handle more difficult
edge recovery problems, such as when data has missing bands and large amounts of
noise [3]. In this paper, we introduce a modification to the concentration factor design
to include a regularization term. We would like our design to include an operator
similar to that of the differencing operator in total variation, or TV regularization,
because differencing operators are often used to recover edges from noisy data in the
image domain. TV regularization also promotes the recovery of piecewise smooth
solutions in computational inverse problems. However, with high levels of noise or
missing bands of data in the Fourier domain, differencing operators, which can only
be applied to physical space data, generally do not recover edges accurately. This
motivates our new concentration factor design that will be able to better handle noisy
and missing Fourier measurements. The rest of this thesis is organized as follows: In
section 2 we review Fourier reconstruction of piecewise smooth functions [2] and the
concentration factor method [3]. We introduce our new concentration factor designed
to recover the differencing operator in section 3 and demonstrate its use in section 4.
Some concluding remarks are provided in section 5.

2. Preliminaries. Let f be a 2m-periodic piecewise smooth function defined in
[, 7). The corresponding Fourier coefficients are defined as

(2.1) fr = % ! flx)e e dy,
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2 J. JIANG

Suppose we are given the first 2V + 1 noisy Fourier coefficients

(2.2) fe=fi+te, k=-N,... N,

where {ex}N__ N = € ~ CN(0, 021) is circularly symmetric and the variance o2
is obtained using the signal to noise ratio (SNR), which measures signal strength
compared to noise level

Pnoise .
N = 9 (Qk + zwk).
Here 0}, and wy, ~ N (0, 1), and
Piignal I1£113
Pnoise = 1815%; y Psignal = IN _"_21-

Observe higher SNR levels result in less noise, as the strength of the signal is more
dominant.
The Fourier partial sum is defined as

N

(2.3) Snflx)= > fre™,

k=—N

and for smooth and periodic functions Sy f — f exponentially [2]. Tts discrete approx-
imation on Ng.;q grid points is {SNf(xj)};V:‘qd However, when f is only piecewise
smooth, (2.3) gives rise to the Gibbs phenomenon, which is characterized by the over-
shooting and undershooting oscillations around discontinuities. The overall order of
accuracy is also reduced to O(%) in smooth regions away from the discontinuities.

For instance, consider a square wave function defined as (recall f(x 4+ 27l) = f(z)
forl € 2)
2.0 f(x):{_l’ i —F+Fm<a<F4im om=0%

1, otherwise

Figure 1(left) displays the approximation of (2.4) using (2.3) and 129 Fourier coeffi-

cients. As expected, Gibbs oscillations can be seen at the interior jump discontinuity
locations.
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Figure 1: (left) Reconstruction of a square wave function using the standard Fourier
partial sum; (middle) with SNR of 10; (right) missing Fourier bands of —32 < k <
—16 U 16 < k < 32 and SNR of 10. Here 2N + 1 = 129.
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EDGE DETECTION FROM INCOMPLETE AND NOISY FOURIER DATA 3

The standard Fourier partial sum approximation is also quite sensitive to noise
which can dominate the magnitude of the high frequency coefficients. Specifically,
replacing fk with f; in (2.3) yields more undesirable oscillations, as seen in Fig-
ure 1(middle) where the SNR is 10. Finally, missing bands of Fourier data can also
have unwanted effects that distort the reconstruction, as is evident in Figure 1(right)
where the values of fk, —-32 <k < —-16U16 < k < 32, have been “zeroed out”.
Observe that the edges are less sharp and the correct amplitude at edge locations is
hard to determine. The “missing band” case reflects the situation where the some
data acquisitions might be unreliable.

While various techniques have been designed to improve the overall accuracy of
the function approximation, in some applications it is important to simply know the
locations of the jump discontinuities, for example in classification or identification
algorithms. In other cases the signal recovery algorithm might benefit from first
identifying such features in a pre-processing step. Hence we are motivated to design
techniques that recover edges of piecewise smooth signals from their incomplete and
noisy Fourier data.

2.1. The concentration factor edge detection method. We begin by de-
scribing the concentration factor edge detection method, which was introduced in [1]
to determine the edges of a piecewise smooth periodic function f(z) in [—7,7) from
its corresponding Fourier coefficients (2.1). This requires the following definition:

DEFINITION 1. (Jump Function) Let the right and left-hand limits of the function,
f(x™) and f(z™), be defined at every point x in the domain [—m, 7). The jump
function associated with f and denoted by [f] is defined as the difference between the
right and left hand limits of the function at every point x; i.e.,

(2.5) [fl(@) = f(a") = f(=7).

Note that the jump function is non-zero only at a jump discontinuity, where it takes
the value of the jump. We will use the terms “jump” and “edge” interchangeably
throughout this exposition.

For ease of presentation, and without loss of generality, we consider that f only
has a single discontinuity at the value £ = ¢. (Our numerical experiments contain
multiple edges.) In this case we can also write (2.5) as

[F1(=) = [f1() ¢ (),

where I.(x) is the indicator function with I¢(x) =1 when z = ¢ and 0 otherwise. It
follows from (2.1) that

N 1 ¢ . 1 T )
(2.6) fk = % - f(x)ekad.’L‘ + % o f(m)e”“”dgc.
Using integration by parts, this becomes
fo= (eh) — N e L pgernae + 2 [T payetod
" omik ik\an [ ST dr g, | Jlw)ettd).

Continuing to integrate by parts, we obtain

S I (O VS [(O B P 1(9) [FP1() i
fk*%( i + (ik)? + (h)? + - (R + o )eTike
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4 J. JIANG

where [f(®)](¢) denotes the jump discontinuity value of the pth derivative of f at (.
It follows that

(27) fi = [AQ) 5 + O5).

suggesting that one might be able to approximate [f]({) from the given Fourier co-
efficients {fx}N__ 5 in (2.1), and more generally [f](z) = ijl[f](gj)fgj (z) when
{¢ }37:1 are distinct discontinuity locations of f on [—m, 7).

The concentration factor edge detection method, introduced in [1], locates the
edges of a piecewise smooth function by “concentrating” its Fourier partial sum at
the singular support. It is defined as:

N
(2) A =i Y o g fret
k=—N,k50

The concentration factors a(n), n € (0,1), satisfy a set of admissibility conditions
given by

1. K§(z) = Yn, o(&)sin(kz) is odd;

2. 7 € ¢2(0,1);

3. f: # — —m, where € = ¢(N) > 0 is small.
Observe that S§[f](x) = (K #*f)(x), meaning that convolving f with an odd function
leads to “concentration” at its singular support. The second admissibility requirement
enforces enough smoothness for convergence of (2.8), while the third ensures proper
normalization. Some examples of concentration factors include

e Trigonometric: og(n) = ”Siirzsrﬂ)"), where Si(m) = [ Sinw(z) dr.
e Polynomial: o%(n) = pmn?. p >0
e Exponential: op = %ne‘m(}?*l) where C' = fel(;)(N) exp(ﬁ)ah' and o >

0.
Figure 2 plots each of these concentration factor for 1 discretized as % Observe that
the concentration factors behave like band pass filters which serve to enhance some
of the high frequency information of the piecewise smooth function f.

5

- -& - polynomial

- - - trigonometric
4 gaussian
3

-
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J ﬁ,
= ezl
; A h r jrtLL
a T an D[‘ A iy
o L] a &
g !

-40 -20 20 40

0
k

Figure 2: Plot of polynomial (p = 1), trigonometric, and Gaussian (« = 1) concen-
tration factors for —40 < k < 40.
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EDGE DETECTION FROM INCOMPLETE AND NOISY FOURIER DATA 5

If we seek to approximate [f](z) on a set of Ng.;q equally spaced grid points,

rj = —m+ (j — DAz, j = 1,...,Nypiq with Az = N27Td, we can write (2.8) in
gri

matrix vector notation. To this end, we define the inverse Fourier operator matrix

Fipp € CNoriaX2N+1 4 terms of its components as

(Env)jk:eikrj7 j:17-"aNqT'id7 k:_Na"'aNa
which is appropriately shifted for computational purposes. Similarly, f = { fAk}kN:7 N €
C2N+1 is the vector of Fourier coefficients, & = {o(|k|/N)}__ € R*V+! corresponds
to the vector of concentration factors evaluated at |k|/N, and §= {1-sgn(k)}2__y €
R2N+1 then

(2.9) (SN2 = iFon(f © 7 © 8) m {[f](25)} 05,

where ® represents componentwise multiplication. Note that due to cancellations and
symmetries, (2.9) recovers real values.

2.2. Designing concentration factors. This investigation extends the con-
centration factor design method in [3] to consider other design properties, namely to
be able to recover the first order finite difference of the discretized function f(z;),
j =1,..., Ngriq, which will be described more in detail in section 3. For self con-
tainment purposes, the basic methodology for concentration factor design is reviewed
below. More details can be found in [3]. We note that in contrast to the original con-
centration factor method based on admissible concentration factor functions, o(n),
the concentration factor design method, seeks a concentration factor vector ¢ such
that (2.9) is satisfied for x;, j = 1,..., Ngriq.

We begin by defining the unit ramp function r(z) as

—T—x 0
(2.10) r@)=1{ 2= 5
=

The corresponding jump function is

0 else.

1 z=0
(2.11) [r](z) = {
The Fourier coefficients (2.1) of r(x) are easily determined as

L k#0

2.12 i = § 2R ’

(2.12) o {0, k=0,
When comparing (2.12) to (2.7), it is evident that
fe = [1100)7,

that is, a low order approximation to the unknown quantity [f](0) (in this case, by
definition of the ramp function, the discontinuity occurs at ¢ = 0) can be obtained by
modeling the known f; in terms of the the ramp function coefficients. Based on the
linearity of the Fourier partial sum (2.3) it follows that

(2.13) [f](x) =~ [£1(0)r(z).

A few remarks are in order.
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6 J. JIANG

Remark 2.1. [Translation of discontinuity.] We could also define the ramp func-
tion to have the discontinuity at = ¢. In this case we write r¢(z) = r(z — (), with
7¢;, appropriately translated in (2.1). The relationship between (2.12) and (2.7) still

holds with fi ~ [f](C)7e,.-

Remark 2.2. [Superposition of ramp functions.] It then follows that a piecewise
smooth periodic function has a linear approximation which we can write as

J
fla) = Y ayre, (@),

for some coeflicients aj, j = 1,...,J. For the purposes of edge detection, this lin-
ear approximation to f(x) is sufficient, since we are not interested in recovering the
variability in the smooth regions.

To design the concentration factors, we first note that W.L.O.G, for a periodic
function in [—m, 7) with a singular jump at « = ¢, it follows from (2.1) that (2.9) can
be written as

SSIfl(z) = Z fkio<§|) sgn(k)etr®

0<|k|<N
_ 1(AQ O L ad (Y e
o<|§k|:§N[27r( it )i (7)) s
_ © > G(% Sgn(k)eikmo
0<|k|<N k
/ o (& sgn(k)
n [f2]7(r<) >y (N')kz oik(@=C)
0<|k|<N
1kl
£1(€) o (I¥)semh)
(2.14) + L ke

Based on (2.13) and the surrounding discussion, we write the first term on the
right hand side of (2.14) as [f]()WJ™N (« — ¢), where the signature profile W™ ()
is defined as

(2.15)
Sl TR SR N O
Wi (z) == S§[r)(x) =i Z U(F)Sgn(k)fkezkx" =5 Z ];V Frethti
k=— N, k0 T k= "Nk0 |

with 7 defined in (2.12). The remaining terms in (2.14) describe higher order jump
responses, which we write as

o (& sgn(k) o (M sgn(k)
= 5 L gy 5 0,

0<|k|<N 0<|k|<N
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EDGE DETECTION FROM INCOMPLETE AND NOISY FOURIER DATA 7

and more generally

k|
o (W) sgn(k)
o,N _ ikx
Wy (z) = E ot e,

0<|k|<N

Substituting the jump responses back into (2.14) yields

S% @) = AW (= ) + [FUOWTN (2 = Q) + [FNOWs N (@ = ¢) + -+
210 =1AOW - 9+0(y).

As already noted, without loss of generality we can translate (2.16) so that the
discontinuity occurs at 2 = 0, yielding SE[f](z) =~ [f](0)WJ™ (z). Tt follows that &

should be constructed so that its components o, = a(%) generate the corresponding

Wy N() to behave like the indicator function, given by

(2.17) So(z) = {1 v=0

0 else

in order to best approximate [f](z). Once again we note that dg(x) can be translated
to accommodate the discontinuity at x = ¢, which would inevitably lead to the same
design. The concentration factor design method seeks to satisfy W ’N(:cj) = 0o (z;),

j=1,..., Ngriq which leads to the minimization problem:
. N
min [V |
subject to Wg’N|z:0 =1.

Other constraints can be used to ensure the appropriate choice of &, including
e The components of & are all non-negative, with (1) = 0 and o(N) = 0. This

leads to:
min [
subject to Wg’N}IZO =1
o >0

0'1:0'N:0

e In addition to the above constraints, we also seek to restrict the jump response
to be small beyond the immediate area around the jump locations (reduction
of oscillatory responses):

min 175 |

subject to Wé”N|w=O =1
(o Z 0
ocp=ony =0
‘WO‘”N < tol.
lz|>e
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e Finally, we address the case where some bands of Fourier data might be
missing. That is, we define ky,issing as the range of integers k € [kmin, kmaz) U

k € [—kmaz, —kmin] for which fk is unknown. In this case we desire o(k) =0
for k € kmissing, yielding the optimization problem

mO_iHHW(?’NHz

subject to W | 1
o >0

or =0, ke kmissing

z=0 =

op=ony =0

< tol.

|z|>e

o, N
’WO

In our examples, we use € = .35 and tol = 1072. In general these values depend on
N and kmissing-

Remark 2.3 (Discrete versus continuous approximation). It is important to note
that the original concentration factor edge detection method is an approximation to
the jump function, and that admissible concentration factors are functions defined on
[0,1]. The concentration factor design method solves the minimization problem for
the discrete vector & for the recovery of the jump function at a given set of grid point
values. To avoid cumbersome notation we still write o and z in the description of the
design problem and only make a distinction using vector notation when needed.

3. Concentration Factor Modified Design. The main purpose of this inves-
tigation is to expand on the concentration factor design previously discussed to further
include the ability to estimate the predicted edges of L f using different operators L,
such as finite differencing operators of various orders. As already noted, first order
differencing is often used as an edge detector for functions with sparse gradients in the
physical domain. We define the first order differencing matrix L; € RNoria=1xNgria
as

-1 1 0 0 0
0 -1 1 0 0
L,=|0 0 =11 0
0 0 0 0 1

Figure 3 shows the application of L; on the square wave function defined in (2.4).
Observe that Lq f recovers the the edge locations at specific grid point locations x;,
j=1,..., Ngrida. )

However, using the Fourier partial sum (2.3) with noisy Fourier coefficients ff
and missing bands of data to approximate f yields inaccurate results whe_p doing

first order differencing. Results in Figure 4 demonstrate that neither LF;,, fband nor

LF;n, f,fand accurately recover the jump amplitudes, meaning that we need to seek
other methods for edge recovery when handling noisy and missing data.

To design the concentration factors that can recover the edges for L f, we first
need to transform L f to the Fourier domain. This is accomplished using the discrete
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EDGE DETECTION FROM INCOMPLETE AND NOISY FOURIER DATA 9

Figure 3: Plot of a square wave function with edges found through first order finite
differencing matrix L.

Figure 4: Plot of a square wave function with edges found through first order finite

differencing using LF;,, f as an approximation of L f We use 1025 Fourier coefficients
and missing bands of —256 < k < —128 U128 < k < 256. (left) no additional noise;
(right) SNR is 20dB. The new designed concentration factor results are also shown
for each case (red).

Fourier transform operator, with components defined as

(3.1) F(k,j) = e”# i _N<k<N, j=1,...,Nyid

Ngrid
for equally spaced grid points z; = —7+(j — 1)% The idea is then that (FL]?);C ~

ifeopsgn(k) in (2.8). As before, we also exploit the relationship in (2.13) and use 7 for
our design purposes. Finally, we use the “missing band” discrete Fourier transform
matrix

0 if k S kmissing
F(k,j) otherwise

(3.2) (Fomb) (K, j) = {

so that we do not try to use information that is unavailable to us to construct &. This

This manuscript is for review purposes only.



273
274
275
276
277

10 J. JIANG

leads us to the “baseline” design problem,
min Hz'f@a@g—FmbLFH + ||
G 2 2

subject to W | 1

=0
where we have defined the components of §as s = sgn(k) and © again means compo-

nentwise multiplication. The regularization term HW&’ ’N’ is included for robustness,

with parameter A chosen to minimize the impact of missing bands of information.
Following the constraint considerations described above, we write the general
minimization problem as

min (if 0508 — FuLilla + NIWg™|l2)

subject to WY |
O Z 0

cpo=ony =0

1

=0 =

Ok = Oa ke kmissing

(3.3) ‘Wé”N < tol.

x| =€

As before, in our examples we choose € = .35 and tol = 1072. In general these
values depend on N and Kppissing-

4. Numerical Experiments. We now test our method on various test func-
tions with different amounts of Fourier data (N), noise (SNR), and missing bands of
information (kmissing)-

Ramp Function. We first test the operator L = L;, or the first order finite
differencing operator. We use the ramp function r(z) defined in (2.10) as our first
test function. Since r(z) is also used to design &, we anticipate good recovery of the
edges of Lf: L7. Figure 5 compares the results of using (2.9) with the approximation

of L f (which would not be available) and LFj,, f with N = 1025. We also show the

designed concentration factors &. It is evident that LEj,, f does not yield the correct
jump location and amplitude of 1 at = 0. To complicate the problem, we then add
varying levels of noise by changing the SNR, with results using SNR = 10, 20, and
100 shown in Figure 6.

Even with SNR = 10, the highest noise level, it is clear that the jump function
still maintains the correct amplitude and jump location. This is promising as many
real-world problems have high levels of noise.

Next, we test the use of our designed concentration factors with missing bands
of data. We impose missing bands of —256 < k < —128 U 128 < k < 256 for 1025
Fourier coefficients and show the result of the jump function reconstruction and the
designed concentration factors in fig. 7

The concentration factors, as can be seen in panel b) of fig. 7, are zeroed out for
the area of the missing bands on both the positive and negative side. The reconstruc-
tion of the jump function, however, remains intact with the correct jump height and
location.

Lastly, we compare the use of our new designed concentration factors with other
standard concentration factors as mentioned in sec. 2.2. We first look at the noiseless
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Figure 5: Ramp function in noiseless case with no missing bands. (left) Concentration
vector ¢ found in (3.3); (right) Edge approximation (2.9) using designed concentration

factors (red) compared to L1 Fyy, f (purple) and the true finite difference edge recovery
Lf (yellow).

—1Ff

-3 -2 -1 0 1 2 3
x x x

Figure 6: Jump function using designed concentration factors for the ramp function
with SNR = (left) 10; (middle) 20; and (right) 100 dB.
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Figure 7: Ramp function in noiseless case with missing bands —256 < k < —128 U
128 < k < 256. (left) Concentration vector & found in (3.3); (right) Edge approxima-

tion (2.9) using designed concentration factors (red) compared to Ly Fjy,, fband, where

fband is the vector of Fourier coefficients accounting for missing bands (yellow).

case with no missing data in fig. 8. We note that we zero out any concentration
factors in the Gaussian case where we divide by 0.
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Figure 8: Jump function for the ramp function using designed concentration factors
compared with (left) o¢, (middle) op, and (right) og.

We see that the amplitude of the jump is correctly predicted only when using
polynomial concentration factors. This worsens in the noisy case - when setting SNR
= 20, we retrieve the results as seen in fig. 9.

Figure 9: Jump function for the ramp function using designed concentration factors
compared with (left) og, (middle) op, and (right) o with SNR = 20.

Similarly, when looking at the noiseless case with missing bands from —64 < k <
—32U 32 < k < 64, we retreive fig. 10.

Figure 10: Jump function for the ramp function using designed concentration factors
compared with (left) og, (middle) op, and (right) og with missing bands from —64 <
k< -32U32<k<64.

4.1. Box Function. In real-world problems, the underlying signal would be
unknown. We would thus design concentration factors for an estimated underlying
function that may not be correct. In order to test the effectiveness of the concentration
factor design for estimating other, unknown function, we use the simple box function
as a test function for the concentration factors designed for the ramp function.

This manuscript is for review purposes only.
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323 The box function is defined as:
1 —-1<z<1
324 (41) fbow (x) = o
0 else
325 We first do a reconstruction of the jump function in the noiseless case with missing

326 bands —64 < k < —32U 32 < k < 64. We retrieve this in fig. 11:

Figure 11: Jump function of box function with missing bands —256 < k < —128 U
128 < k < 256 but no noise.

327 We see that the jump function is properly recovered, with both jump locations
328  with the proper amplitudes of 1 when £ = —1 and —1 when z = 1. Furthermore,
329 when adding various levels of noise with SNR = 10, 20, and 100 (essentially no noise)
330 in fig. 12, we once again see that this does not affect the recovery of jump locations
331 and amplitude.

Figure 12: Jump function for the box function using the new design of concentration
factors where SNR = (left) 10, (middle) 20, and (right) 100, and there are missing
bands of —256 < k£ < —128 U128 < k < 256.

332 4.2. Square Wave Function. We can extend the box function to the square
333 wave function.
334 We first do a reconstruction of the jump function in the noiseless case with no

335 missing bands and compare to the use of LFj,, f as an edge recovery technique. We
336 also test the case where we have missing bands of —256 < k < —128 U 128 < k < 256
337 and SNR = 20. These results are displayed in fig. 13:
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14 J. JIANG

Figure 13: Jump function of square wave function with (left) no missing bands and
no noise, and (right) missing bands of —256 < k < —128 U128 < k < 256 with SNR
= 20.

Even with noise and missing bands, the jump function reconstruction using our
new design of concentration factors recovers the edge locations and amplitude accu-

rately. However, using LFj,, f and LF;,, fband do not provide the correct amplitudes,
and the edge recovery is much more sensitive to noise as indicated by the oscillatory
nature seen in the right graph of fig. 13.

We can also compare the use of our new design of concentration factors to that
of the existing trigonometric, polynomial, and Gaussian concentration factors. We
see in fig. 14 that for a square wave function missing bands, the amplitude of the
jumps are not correctly predicted when using any of the three previous concentration
factors. Here we have missing bands from —64 < k < —32U32 < k < 64.

Figure 14: Jump function for the square wave function using designed concentration
factors compared with (left) og, (middle) op, and (right) og concentration factors.
We have missing bands from —64 < k < —-32U32 < k < 64.

Similarly, when looking at the noisy case with SNR = 20 and missing bands from
—64 < k < -32U32 < k < 64, we retreive fig. 15 and notice that the amplitudes
are once again not accurately recovered when using trigonometric, polynomial, or
Gaussian concentration factors.

4.3. Multi-Feature Function. We also would like to test our recovery on func-
tions that have multiple, different features.

This manuscript is for review purposes only.
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Figure 15: Jump function for the square wave function using designed concentration
factors compared with (left) o, (middle) op, and (right) og concentration factors.
We have missing bands from —64 < k£ < —32U 32 < k < 64 and SNR = 20.
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Figure 16 shows the reconstruction of the jump function in the noiseless case with
no missing bands, as well as the case with missing bands —256 < k£ < —128 U 128 <
k < 256 and SNR = 20.

«sesnees Ramp

Figure 16: Jump function of multi-feature function with (left) no missing bands and
no noise, and (right) missing bands —256 < k < —128 U128 < k < 256 with SNR =
20.

Even with noise and missing bands, the jump function reconstruction using our
new design of concentration factors recovers the edge locations and amplitude accu-
rately. We can see this in comparison to the trigonometric, polynomial, and Gaussian
concentration factors.

We see in fig. 17 that for more complicated functions with multiple features and
missing bands, the amplitude of the jumps are not correctly predicted when using
any of the three previous concentration factors. Here we have missing bands from
—256 <k < —128 U128 < k < 256.

Similarly, when looking at the noisy case with SNR = 20 and missing bands from
—256 < k < —128U128 < k < 256, we retreive fig. 18 and notice that the amplitudes

This manuscript is for review purposes only.
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Figure 17: Jump function for the multi-feature function using designed concentration
factors compared with (left) o, (middle) op, and (right) op. We have missing bands
from —256 < k < —128 U 128 < k < 256.

368 are once again not accurately recovered when using trigonometric, polynomial, or
369 Gaussian concentration factors.

Figure 18: Jump function for the multi-feature function using designed concentration
factors compared with (left) og, (middle) op, and (right) o and SNR = 20.

370 4.4. Robustness. In order to test the robustness of our method of concentration
371 factor design, we complete the reconstructions with 3 varying levels of IV to vary the
372 number of Fourier measurements used. We compare our jump recovery with that of
373 using first order finite differencing in fig. 19.

Figure 19: Jump function of a square wave function using (left) the new design of
concentration factors and (right) first order finite differencing L;f with 3 different
numbers of Fourier measurements N. We have no noise and no missing bands.

This manuscript is for review purposes only.
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We also investigate the accuracy of our jump recovery when using 3 different levels
of missing band data. With N = 512 and 1025 Fourier coefficients, we test the effects
of using no missing bands, missing bands of —256 < k < —128 U 128 < k < 256, and
—256 < k < —192U192 < k < 256 compared to first order finite differencing as seen
in fig. 20.

2 i
weeeees True
none
128-256
1 v ! | ——192-256

Figure 20: Jump function of a square wave function using (left) the new design of
concentration factors and (right) finite differencing L f with 3 different bandwidths of
missing bands: no missing bands (red), —256 < k < —128 U 128 < k < 256 (yellow),
and —256 < k < —192U192 < k < 256 (purple).

From these plots, it can be seen that using first order finite differencing L Fj,,, fband
yields inaccurate and variable jump recovery for all levels of N and missing bands.
However, our concentration factor design yields robust and accurate results when
varying both these factors.

4.5. Other Operators. We would also like to analyze the use of other operators
L, such as higher order finite differencing matrices. Here we present a few examples
of edge detection with missing bands for various estimation functions in Figure 21.

5. Concluding remarks. In conclusion, we have created a concentration factor
design for a ramp function that accurately and robustly recovers the jump function
of an unknown estimation function. Our method works especially well compared to
existing methods such as finite differencing when considering noisy data or missing
bands of data. This method can be used to help recover edge information about the
underlying function to aid in further function reconstruction and recovery.
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