Abstract

We give an explicit example of a K3 surface of degree 6 defined over the rational numbers with
ceometric Picard number 1. Previous work has shown that this is the generic case for complete
intersections of K3 surfaces (3], but no explicit examples have been found in degree 6. Explicit
examples have been found for the degree 2 |1] and degree 4 cases |4, and we extended the technique
used to the case of K3 surfaces of degree 6.

Introduction

First, we define the geometric Picard number in a relatively general setting. Let X be a nonsingular
variety over a field k.

e A prime divisor on X is a closed integral subvariety Y of codimension 1.
e A (Weil) divisor is an element of the free abelian group Div X generated by the prime divisors.
e a principal divisor is an element of Div X given by

(f)=) vy(f) Y

for some rational function f on X, where vy (f) denotes the order of vanishing of f along Y.
e Two divisors D and D’ are linearly equivalent if D — D’ is a principal divisor.
e The Picard group Pic(X) is the group of divisors on X modulo linear equivalence.
e The geometric Picard number of X is the rank of Pic(X), where X = X X Spec(k) OPEC k.

Next, we define K3 surfaces and recount some basic properties of their Picard groups.

e A K3 surface is a smooth, projective, geometrically integral surtface X over a field & whose
canonical sheat wy on X is trivial and H 1(X ,Ox) =0.

o For a K3 surface X, Pic(X) = Z%7 (X) where 1 < p(X') < 22. Note that the geometric Picard
number of X is just the Picard number of X, so it satisfies the same bound [2, p. 397].

e The geometric Picard number of a K3 surface over IF)), is always even [2, Corollary 17.2.9]. Thus,
the minimum geometric Picard number of a K3 surface over a finite field is 2.

e Reducing a K3 surface X defined over Q mod p induces a specialization homomorphism
sp : Pic(X) — Pic(X,) which is injective and compatible with the intersection products on X

and X, |2, Proposition 2.10).

To find the explicit example of a sextic K3 surtace with geometric Picard number 1, we start by picking
a sextic K3 surface X C P* that contains a line for some prime p. We can project from this line, and
because the line is contained in the surface we show that the projection is a degree 2 cover X, — Pg,
allowing us to use a preexisting algorithm for computing the Weil polynomial of degree 2 K3 Surfaces.

We use the Weil polynomial to prove that rk(Pic(X,)) < 2. Next, we find a lift of X to Q, say X,
which no longer contains the line L, and in fact does not contain any line. We prove that any lift of a

line must be a line, meaning that the divisor class L in X, does not lift, so rk(Pic(X)) < 1, which is

its minimum value, so rk(Pic(X)) = 1.

Realizing X, as a Degree 2 Surface

We start with a sextic K3 surface X, C P* over F, defined by the vanishing of homogenous degree
2 and 3 polynomials fo and f3, respectively. Further, we require that X, contains the line L, which
amounts to fo and f3 being in the ideal of L.

To utilize the algorithms developed for degree 2 K3 surfaces, we need to view X, as a degree 2 K3
surface. Projecting the surface X from the line L means mapping each point on X to the plane which

meets both L and that point. The planes through L are parameterized by IPQ, so this gives a rational
map to P?. Note that this map is not defined at L itself. To resolve the rational map, we blowup X at
L, getting a morphism f : X — P

We prove the following theorem, which implies that f is a degree 2 model for X,

Theorem 1. Let X, C Pf‘g«p be a sextic K3 surface given by the vanishing of homogenous degree
2 and degree 3 polynomials fo and f3, respectively, and assume that X, contains a line L. Then
the projection of X from L is a finite, flat degree 2 morphism X, — IP’IQFp whose branch locus is
a sextic curve given by the vanishing of a single degree 6 polynomial fg.

Bounding the Picard Number of X, using the Weil Polynomial

Let f be the Frobenius morphism on X, and let f* be its pullback on H gt(yp, Q). We call the
characteristic polynomial of f* the Weil polynomial of X,
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Figure 1: Summary of Proof Strategy, all algorithms in Magma

We have that Pic(X)) injects into H 2(X,Q;)(1), and this injection respects the Galois action of
G(F,/F;), in particular the action of Frobenius |4].

By observing that all divisor classes are defined in some finite extension of I, we have that some

power of the Frobenius acts as the identity on Pic(X ), so all eigenvalues of Frobenius on Pic(X ) are
roots of unity. If we let f*(1) be the induced automorphism on H%(X,Q;)(1), we then know that

rk Pic(X ) is bounded above by the number of eigenvalues of f*(1) that are roots of unity, counted
with multiplicity. Eigenvalues of f*(1) differ from eigenvalues of f™ by a factor of p, so we have the
following lemma;

Lemma 2 ([4, Corollary 2.3]). The rank of Pic(Xp) is bounded from above by the number of
eigenvalues \ of f* for which \/p is a root of unity, counted with multiplicity.

We can use a preexisting algorithm in Magma to compute the Weil polynomial of X,,, so we randomly
generate the defining equations f2 and f3 until we get a surtace X such that the Weil polynomial has
2 roots which are roots of unity. This guarantees that rk Pic(X,) < 2.

Verifying that X contains no lines over Q

Now that we have bounded the geometric Picard number of X, we need to find a lift to a sextic K3
surface X over Q which contains no lines over (). To do this, we add 2 terms to fo which are not in

the ideal of L but vanish mod p.
Next, we check that this lift contains no lines. Let V = @5, and note that a line in IP’%Q corresponds to

a plane in V. Thus, the lines in IP’?Q are parameterized by the Grassmannian Gr(2,5) of 2-dimensional
subspaces of 5-dimensional space.

We computed an explicit set of affine charts for Gr(2, 5) using Schubert cells. Because dim Gr(2,5) = 6,
cach chart is the span of two vectors v; and vy parameterized by y1, ..., yg. Let C' be the homogenous
coordinate ring of P* with homogenous coordinates g, ..., 74, R = Qly1, ---, yg], and S = Rluy, ual.

Thus, if f € C, then f is in the ideal of the line spanned by vy, v9 € V if and only if f(ujv) +ugvy) =0
for all uy,us € Q. If we expand the expressions fa(ujv] + ugve) and f3(ujvy + ugvg), we can view
them as polynomials in u1 and uo. These polynomials are zero for all u; and w9 if and only if all their
coefficients (taking w1 and wuo as unknowns and all other variables as constants) are all zero. The set
of y1, ..., yg which satisty these constraints are an algebraic variety in A% because each coeflicient is a

polynomial in y1, ..., Yg.

In Magma, we can easily compute the ideal generated by all of these coeflicients using a Grobner basis
calculation and check that it is the unit ideal, meaning that there are no such yq, ..., yg over Q or in
fact any algebraic extension of QQ, in particular Q.

Geometric Picard Number of X

We prove the following lemma about the behavior of the Picard group under specialization:

Lemma 3. Giwen a K3 surface X C ]P& such that Yp contains a line L and there exists

D € Pic(X) such that sp= L, then D is the class of a line.
Additionally, Elsenhans and Jahnel showed the following lemma:

Lemma 4 (|1, Corollary 3.7]). Let p # 2 be a prime number and X be a scheme proper and flat
over Z. Suppose that the special Jiber Xy, is nonsingular. Then, the cokernel of the specialization
homomorphism sp : Pic(X) — Pic(XFp) is torsion free.

With lemmas 3 and 4, we can prove the following theorem which allows us to conclude that X has
geometric Picard number 1:

Theorem 5. [f X C IP)& is a K3 surface containing no lines over Q and the reduction Xp
contains a line and has geometric Picard number 2 for some prime p of good reduction, then X
has geometric Picard number 1.

Proof. Let H € Pic(X) be the hyperplane section. Assume to get a contradiction that X has

geometric Picard number at least 2. If rk Pic(X') > 2, we have a contradiction because 3p is an injective
homomorphism from Pic(X) to Pic(X,), and rk Pic(X,) = 2. Thus, rk Pic(X) = 2. Because 3p is
injective, the image of 5p has rank 2 as well, so the cokernel has rank 0. However, by Lemma 4 we know
that the cokernel is torsion free, so it must be 0, so §p is surjective. Let L be the line in yp. Because

Sp is surjective, we have a divisor class E € Pic(X) such that Sp(F) = L, but by Lemma 3 we have
that E' is the class of a line, a contradiction. ]

Main Theorem

Theorem 6. Let X =V (f, f3) C IP)?L@ where

fo = 56(2) — 3xgr] + 3:13% + dxgxy + dT1T9 + 5:13% — TOT3 — 2T1T3 — 3T9T3 — dT()T4 + OT1T4
+ATwg + 4727
_ 9.9 2 2 3 2 2 2 3 2
I3 = 2z + 3z + drpr] + o] — xoT102 — 3T{T2 + 4w — dw175 + dxh + dajrs + ror1T3
+ 5$%:1:3 + dxproxs + dxixoxs + —3:17%:133 + 4x1:1:§ — xgxg + 5:1}%:1:4 — dxor1T4 + Qx%m

+ xoroxs + 4T12004 — 2:6%:64 + dxgr3Try — 3T9T3T4 — 2130213421 + —xlxi + 5:172@21,

and xq,...,x4 are the homogenous coordinates for PL. Then X is a sextic K3 surface with
geometric Picard number 1.

Proof. Let p = 47, and note that the reduction of X mod p is defined by the same equations except for
the removal of the last two terms of fo. Note that at least one of x(, 1, or x9 divides every remaining
term, so X, contains the line L = V' (g, z1, x2).

We computed that the Weil polynomial of X, is

(z — 47)%(z%" + 352" + 141028 + 795242 — 311469210 + 390374482 + 5504280168z
— 862337226322 — 10132462409262 ' — 6667160265293082 ! — 783391331171936902
— 14727757026032413722” — 49443184301680246062° — 9295318648715886259282 7
+ 131063992946893996255848x" + 20533358805013392746749522:°
— 36190045052461104716146029z* + 20411185409588063059906360356

+ 7994380952088658031 796657306102 + 438358555539528082076850069701152
+ 2766668711962335809450748011342401).

It is easy to check that the second factor contains no cyclotomic factors, so the Weil polynomial has
exactly 2 roots which are p times a root of unity. Thus, by Lemma 2, X, has geometric Picard number
at most 2.

Finally, we can check using the method described above that X contains no lines, so X has geometric
Picard number 1 by Theorem 4. ]
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