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Overview

We consider the enumeration of lattice paths with two kinds of
steps, with respect to some statistics:

@ The number of crossings, which has been studied since the 60s
in connection to random walks. In the special case of zero
crossings, one can count tuples of noncrossing paths using the
Lindstrom—Gessel-Viennot determinant.

@ The number of descents (valleys) and the major index, which
were introduced by MacMahon over 100 years ago, and studied
by many authors (e.g. yesterday's talk by Terry Visentin).

In this talk we will see that combining these statistics one gets
surprisingly simple formulas.
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Paths crossing a line Definitions

Results

Lattice paths, descents and major index

Let G, p be the set of lattice paths in Z? with a steps U = (1,1)
and b steps D = (1, —1), starting at the origin.

PecGge

NN
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Lattice paths, descents and major index

Let G, p be the set of lattice paths in Z? with a steps U = (1,1)
and b steps D = (1, —1), starting at the origin.

Paths P € G, 5 can be encoded as binary words via U — 0, D > 1.
Definition
@ A descent of P is a valley DU, let des(P) = # descents.
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Paths crossing a line Definitions

Results

Lattice paths, descents and major index

Let G, p be the set of lattice paths in Z? with a steps U = (1,1)
and b steps D = (1, —1), starting at the origin.

Paths P € G, 5 can be encoded as binary words via U — 0, D > 1.
Definition
@ A descent of P is a valley DU, let des(P) = # descents.

@ The major index, maj(P), is the sum of the x-coordinates of
the descents.

PecGge

10
1 3

des(P) = 4 maj(P) =1+3+7+10 =21



Paths crossing a line Definitions

Results

Lattice paths and major index

g-binomial coefficients:

[n] _(1-q¢n(1- g 1) (1 — gnkHLy
kg (1-d)1-g 1) (1-0q
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Paths crossing a line

Definitions
Results

Lattice paths and major index

g-binomial coefficients:

[n] _(1-q¢n(1- g 1) (1 — gnkHLy
kg (1-d)1-g 1) (1-0q

Lemma (MacMahon)

maj(P) __ at+b
> am=

Pega,b
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Paths crossing a line

Definitions
Results

Lattice paths and major index

g-binomial coefficients:

[n] _(1-q¢n(1- g" 1) (1 — gnkHLy
kg (1-d)1-g 1) (1-0q

Lemma (MacMahon)

maj(P) __ at+b
> am=

Pega,b

- 5
> gmaith) = [3] =1+q+2¢*+2¢° +2¢* + ¢ + ¢°.
PeG3 > q
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Paths crossing a line

Definitions
Results

Refinement by the number of descents

Lemma (Fiirlinger—Hofbauer '85)

Z tdes(P)qmaj(P) _ Z tnq”2 [a] [b] '
n n
qLq

PeGap n>0
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Paths crossing a line

Definitions
Results

Refinement by the number of descents

Lemma (Fiirlinger—Hofbauer '85)

j n_n b
S
q q

PeGap n>0

Z tdes(P)qmaj(P) _ 1-|—tq+2tq2+2tq3+(t+t2)q4—|—t2q5+t2q6.
PegGs 2
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Paths crossing a line Definitions

Results

Crossing a line

In addition to the statistics des and maj, we will keep track of
the number of times that the paths cross a horizontal line.
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Paths crossing a line Definitions

Results

Crossing a line

In addition to the statistics des and maj, we will keep track of
the number of times that the paths cross a horizontal line.

For{ e Z and r > 0, let gfg’e be the set of paths in G, 1, that cross

the line y = £ at least r times.

>3,1
P e g8_,6
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Paths crossing a line Definitions

Results

Crossing a line

In addition to the statistics des and maj, we will keep track of
the number of times that the paths cross a horizontal line.

For{ e Z and r > 0, let gfg’e be the set of paths in G, 1, that cross
the line y = £ at least r times.

>3,1
P e g8_,6

) >
In particular, Qa—g’z = Gab-
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Paths crossing a line Definitions

Results

Crossing a line

In addition to the statistics des and maj, we will keep track of
the number of times that the paths cross a horizontal line.

For{ e Z and r > 0, let gfg’e be the set of paths in G, 1, that cross
the line y = £ at least r times.

>3,1
P e g8_,6

In particular, Qazg’z = G, p. We are interested in the polynomials

GaZJ;’f(t’ q) _ Z tdes(P)qmaj(P)_
Pegzyt
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Paths crossing a line Definitions

Results

Crossing a line

In addition to the statistics des and maj, we will keep track of
the number of times that the paths cross a horizontal line.

For{ e Z and r > 0, let gfg’e be the set of paths in G, 1, that cross
the line y = £ at least r times.

P€g>31

In particular, QEZO’Z = G, p. We are interested in the polynomials

G>r f(t q) Z des(P)qmaj(P).
Pegzy "
For this talk, we focus on the specialization G— ( )= Gazg’g(l, q).
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Paths crossing a line

Definitions
Results

Crossing the x-axis

First consider the case £ = 0, which counts crossings of the x-axis.

For any a, b, r > 0,

evlGad: ifa> b,
atr
q
, wry [22a—1]
6Z5%(a) = 3 (1+¢?)g(%) |7 ifa=b,
a-t+r
NEEY
q(z) L ifa < b.
a-rf,
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Paths crossing a line

Definitions
Results

Crossing the x-axis

First consider the case £ = 0, which counts crossings of the x-axis.

For any a, b, r > 0,

evlGad: ifa> b,
atr
q
, wry [22a—1]
6Z5%(a) = 3 (1+¢?)g(%) |7 ifa=b,
a-t+r
NEEY
q(z) L ifa < b.
a-rf,

We give a bijective proof.
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Paths crossing a line Definitions

Results

Connections to other work

@ The specialization t = g = 1 (which ignores des and maj)
is due to Engelberg '65 and Sen '65, and has later been
rediscovered by other authors.
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Paths crossing a line Definitions

Results

Connections to other work

@ The specialization t = g = 1 (which ignores des and maj)
is due to Engelberg '65 and Sen '65, and has later been
rediscovered by other authors.

The proofs for t = g = 1 use repeated applications of the
reflection principle, which does not behave well with respect to
des or maj.
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Paths crossing a line Definitions

Results

Connections to other work

@ The specialization t = g = 1 (which ignores des and maj)
is due to Engelberg '65 and Sen '65, and has later been
rediscovered by other authors.

The proofs for t = g = 1 use repeated applications of the
reflection principle, which does not behave well with respect to
des or maj.

@ The case t =1 and a > b can be shown to be equivalent to a
result of Seo—Yee '18 about counting ballot paths with marked
returns by a different statistic.
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Paths crossing a line Definitions

Results

Connections to other work

@ The specialization t = g = 1 (which ignores des and maj)
is due to Engelberg '65 and Sen '65, and has later been
rediscovered by other authors.

The proofs for t = g = 1 use repeated applications of the
reflection principle, which does not behave well with respect to
des or maj.

@ The case t =1 and a > b can be shown to be equivalent to a
result of Seo—Yee '18 about counting ballot paths with marked
returns by a different statistic. Their proof is by induction and
does not give a bijection.
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Paths crossing a line Definitions

Results

Connections to other work

@ The specialization t = g = 1 (which ignores des and maj)
is due to Engelberg '65 and Sen '65, and has later been
rediscovered by other authors.

The proofs for t = g = 1 use repeated applications of the
reflection principle, which does not behave well with respect to
des or maj.

@ The case t =1 and a > b can be shown to be equivalent to a
result of Seo—Yee '18 about counting ballot paths with marked
returns by a different statistic. Their proof is by induction and
does not give a bijection.

@ The theorem has applications to the enumeration of partitions
A with certain restrictions on the ranks \; — \}, studied by
Corteel-E.—Savage '22+.
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Paths crossing a line

Definitions
Results

Crossing an arbitrary horizontal line

Let a,b,m >0, and let £ € Z\ {0}. If0 < ¢ < a— b, then

m(2m+1+£) a-+ b
a+2m q

>2m+1 Z(q) >2m Z(q) =q
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Paths crossing a line

Definitions
Results

Crossing an arbitrary horizontal line

Let a,b,m >0, and let £ € Z\ {0}. If0 < ¢ < a— b, then

m(2m+1+£) a-+ b
a+2m q

>2m+1 Z(q) >2m Z(q) =q

If0>€>afb, then

> N4 >2m, 0 —_1-¢ a+b
Ga_,me+1 (q) _ Ga_’b2m (q) — qm(2m 1-2) |:3 B 2m:|
q
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Paths crossing a line Definitions

Results

Crossing an arbitrary horizontal line

Theorem

Let a,b,m >0, and let £ € Z\ {0}. If0 < ¢ < a— b, then

m(2m+1+£) |: a-+ b :|

>2m+1 A >2m N
(q) = GZ2™( e |

9 =aq
Ifo>1¢> afb, then
GZ2mHLe(g) = G22Me(g) — gm(2m=1-0) [ at+b }

a,b a,b a—2m
IfO>¢<a—band m>1, then 9

>om by N _ >2m 1,6 m(2m—1—10) a+b
GZ2m(q) = 622" (q) = e
If0<€>a—bandm>1 then q

GZ2m,Z(q) _ >2m 1, l(

a,b

q) = (m 1)(2m—1+¢) { a+b }

a—2m+1—/ .
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Paths crossing a line Definitions

Results

Crossing an arbitrary horizontal line

Theorem

Let a,b,m >0, and let £ € Z\ {0}. If0 < ¢ < a— b, then

m(2m+1+£) a-+ b
a+2m q

>2m+1 Z(q) >2m Z(q) =q

If0>£>3*b, then
GaZ’meH,l(q) = Ga%gm,l(q) = gmem-1-0 [aa__i_;n}
If0>/¢<a—band m>1, then ;

m m— m— a+b
6@ =z @ =g 2]
If0<€>a—bandm>1 then 7

m m— m— m— a+b
G22me(q) = G22m 1 (q) = g(mDEm=1+0 { }

b a—2m-+1-—1/¢
If0<Z=a—b,then i
>2ml, \ _ m2milie) | @+ Db >2m+1 ¢ m(2m+1+£) a+b
Ga,b (q)_q a+2m:|q7 ( ) |:a+2m+1q

If0> ¢ =a—b, then
>2me, N m@m—1-¢) | @+ b G22m e gmDEm =0 a+b
Gop (@)=gq Lzmq’ (q9) = af2mflq
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Pairs of paths crossing each other

Il. Pairs of paths crossing each other
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Definitions

Pairs of paths crossing each other Results

Paths with north and east steps

For A, B € 72, let Pa_,g be the set of lattice paths from A to B
with steps N = (0,1) and E = (1,0).

ey
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Definitions

Pairs of paths crossing each other Results

Paths with north and east steps

For A, B € 72, let Pa_,g be the set of lattice paths from A to B
with steps N = (0,1) and E = (1,0).

A descent of P € Pa_,p is a corner EN, des(P) = # descents,

._._L_'B = (u,v)
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Definitions

Pairs of paths crossing each other Results

Paths with north and east steps

For A, B € 72, let Pa_,g be the set of lattice paths from A to B
with steps N = (0,1) and E = (1,0).

A descent of P € Pa_,p is a corner EN, des(P) = # descents,
maj(P) is the sum of the positions of the descents, determined by
numbering the vertices of P starting from 0.

._._E'B = (u,v)

maj(P) =2+7=9

des(P) =2

A= (x,y)——22

Lattice paths by crossings and major index



Definitions

Pairs of paths crossing each other Results

Paths with north and east steps

For A, B € 72, let Pa_,g be the set of lattice paths from A to B
with steps N = (0,1) and E = (1,0).

A descent of P € Pa_,p is a corner EN, des(P) = # descents,
maj(P) is the sum of the positions of the descents, determined by
numbering the vertices of P starting from 0.

._._E'B = (u,v)

maj(P) =2+7=9

des(P) =2

A= (x,y)——22

MacMahon's formula gives

Z gmai(P) — Uu—x+v—y
u—x q'

PEPasp
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Definitions

Pairs of paths crossing each other Results

Crossings of two paths

A crossing of two paths P and Q is a common vertex C such that:
@ P and Q disagree in the step arriving at C;

@ at the first step after C where P and Q disagree, each path has
the same type of step (N or E) as it had when arriving at C.

~+ Sy

crossings not a crossing

@)
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Definitions

Pairs of paths crossing each other Results

Crossings of two paths

A crossing of two paths P and Q is a common vertex C such that:
@ P and Q disagree in the step arriving at C;

@ at the first step after C where P and Q disagree, each path has
the same type of step (N or E) as it had when arriving at C.

~+ Sy

crossings not a crossing

@)

PA1—>BO,A2—>B {(Pa Q) Pe Pa,—B. Q€ Pa,—B.,
P and Q have > r crossings}.
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. . Definitions
Pairs of paths crossing each other Results

Crossings of two paths

.. >3 )
A pair in PA1—>32,A2—>B1' == B

= ==

&-O_

- -
1
=

Aq

[

Az

Lattice paths by crossings and major index



Definitions

Pairs of paths crossing each other Results

Crossings of two paths

.. >3 )
A pairin P3~ g a, g, B

B
In addition to des and maj, we _rr 2
will keep track of the number of . -

times that the paths cross each
other. T

= ==

Aq

- -
1
=

[

Az
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Definitions

Pairs of paths crossing each other Results

Crossings of two paths

.. >3 )
A pair in P By Ar—sBy == B

B
In addition to des and maj, we _rr 2
will keep track of the number of . -

times that the paths cross each H
other. Te
?. -

[ i
For r > 0, define the polynomials A b s

A s
S . .
er_>Bo,A2_>B, (t, CI) _ Z tdes(P)eres(Q)qmaJ(P)+maJ(Q)

>
(P.Q)EPH, 5y, 4y—+54
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Definitions

Pairs of paths crossing each other Results

Crossings of two paths

.. >3 )
A pair in P By Ar—sBy == B

B
In addition to des and maj, we _rr 2
will keep track of the number of . -

times that the paths cross each H
other. Te
?. -

[ i
For r > 0, define the polynomials A b s

A s
S . .
er_>Bo,A2_>B, (t, CI) _ Z tdes(P)eres(Q)qmaJ(P)+maJ(Q)

>
(P.Q)EPH, 5y, 4y—+54

and their specialization HE{—>BO ArsB (@) = Hir—nso Ar—sB (1, Q)
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Definitions

Pairs of paths crossing each other Results

Easy cases and notation

Let Ay = (x1,y1), A2 = (X2, ¥2), B1 = (u1,v1), B2 = (u2, v2).

For r = 0, we can choose the two paths independently, so

>0
Z1—>BO,A2—>B.(q)

U — X1+ Vo — W11 U — X2 + Vo — )2
Us — X1 q Ue — X2

q
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Definitions

Pairs of paths crossing each other Results

Easy cases and notation

Let Ay = (x1,y1), A2 = (X2, ¥2), B1 = (u1,v1), B2 = (u2, v2).

For r = 0, we can choose the two paths independently, so

>0

A1—>BO,A2—>B.(q) = [

uo_X1+Vo_y1:| [U.—XerV.—yz]
Us — X Ue — X )
o 1 q ° 2 q

To give a general formula, first define

fr.avA.8:.8.(9) == ¢q

r(rxe—x) |2 = X1+ Vo —y1| |[U1—X2+Vvi—)»
Up— X1+ r Uy —Xp — r q'
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Definitions

Pairs of paths crossing each other Results

Easy cases and notation

Let Ay = (x1,y1), A2 = (X2, ¥2), B1 = (u1,v1), B2 = (u2, v2).

For r = 0, we can choose the two paths independently, so

>0 (q)_ uo_X1+Vo_y1 UO_X2+Vo_y2
A1—>BO,A2—>B. Us — X1 q Us — X2 q *

To give a general formula, first define

fr.avA.8:.8.(9) == ¢q

r(rxe—x) |2 = X1+ Vo —y1| |[U1—X2+Vvi—)»
Up— X1+ r Uy —Xp — r q'

Write A; < A> to mean that Aj is strictly northwest of A,.
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Definitions
Results

Pairs of paths crossing each other

Counting pairs of paths by crossings

Let Ay = (x1,y1), A2 = (x2,¥2), By = (u1,v1), B2 = (u2, v2), where
A1 < A and By < By, and x1 + y1 = xo + yo.

* By

- B,

Ao
Az,
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. ! Definitions
Pairs of paths crossing each other Results

Counting pairs of paths by crossings

Let Ay = (x1,y1), A2 = (x2,¥2), By = (u1,v1), B2 = (u2, v2), where
A1 < Ay and By < By, and x1 + y1 = xo + y». Then, for all m > 0,

>2 1 >2
;1132,A2H51(q) = HZI:IBZ,AZHBl(q) = f2m,A1,Az,Bz7B1(q)’

+— B
i
Nl
P ’ -
o
Te-
I- -
4
A [ :

Lattice paths by crossings and major index



Definitions
Results

Pairs of paths crossing each other

Counting pairs of paths by crossings

Let Ay = (x1,y1), A2 = (x2,¥2), By = (u1,v1), B2 = (u2, v2), where
A1 < Ay and By < By, and x1 + y1 = xo + y». Then, for all m > 0,

>2 1 >2
;1132,A2H51(q) = HZI:IBZ,AZHBl(q) = f2m,A1,Az,Bz7B1(q)’

and for all m > 1,

>2 >2m—1
H;1131,A2H32(q) = ;1jBI,A2%Bz(q) = f2m—17A1,A2,Bz,B1(q)'

By

- BZ
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

Let Al = (Xl,yl), A2 = (X27y2), Bl = (Ul, Vl), B2 = (UQ, V2), where
A1 < Ay and By < B, and x1 +y1 = xo + y». Then, for all m > 0,

>2m41 >2
HK1L>nBz,A2—>Bl(q) = H&;nsz,Azasl(q) = fam, Ay, A2,8:,8:(9),
and for all m > 1,
>2 >2m—1
HzljBl,AzaBz(q) = H&;nsl,Azasz(q) = fam—1,A1,A,B2,8: (q)-

Now let A = (x,y) and B = (u, v).
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

Let Al = (Xl,yl), A2 = (X27y2), Bl = (Ul, Vl), B2 = (UQ, V2), where
A1 < Ay and By < B, and x1 +y1 = xo + y». Then, for all m > 0,

HE12L>WE:,A2—>81(‘7) H;Zsz,Azasl(q) = fam,Ay,A2,B2,8: (),
and for all m > 1,
Ha e meaa(9) = Mz, a8y (4) = Fom—1,43 42,85,8,(9)-
Now let A= (x,y) and B = (u,v). Then, for all r > 0,
HE;BLAHBZ(CI) frAA Bz,Bl(CI)

Ha 5 ays5(@) = fr.a0,42,8.8(q),
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

Let Al = (Xl,yl), A2 = (X27y2), Bl = (Ul, Vl), B2 = (UQ, V2), where
A1 < Ay and By < B, and x1 +y1 = xo + y». Then, for all m > 0,

HE12L>WE:,A2—>81(‘7) H;Zsz,Azasl(q) = fam,Ay,A2,B2,8: (),
and for all m > 1,
Ha e meaa(9) = Mz, a8y (4) = Fom—1,43 42,85,8,(9)-
Now let A= (x,y) and B = (u,v). Then, for all r > 0,
Ha' b, s, (9) = Fr.a0.62,8(9),

HA1~>B AZHB(q) rA1,Az,B B(q )

)
fo.aA8,8(q) ifr =0,
HZ" q :
A=B, A_>B( )= {2 ijl( ) r+JAABB(q) ifr>1.

Lattice paths by crossings and major index



Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

With the specialization t = g = 1 (which ignores des and maj), the
theorem still holds without the requirement x; + y1 = x2 + y».
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

With the specialization t = g = 1 (which ignores des and maj), the
theorem still holds without the requirement x; + y1 = x2 + y».

This case can be proved by repeatedly swapping prefixes of the
paths, similarly to the proof of the Lindstrém—Gessel-Viennot
(LGV) determinantal formula for non-intersecting paths.
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

With the specialization t = g = 1 (which ignores des and maj), the
theorem still holds without the requirement x; + y1 = x2 + y».

This case can be proved by repeatedly swapping prefixes of the
paths, similarly to the proof of the Lindstrém—Gessel-Viennot
(LGV) determinantal formula for non-intersecting paths.

However, this method does not prove the refinement by des or maj,
so we need different tools.
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

With the specialization t = g = 1 (which ignores des and maj), the
theorem still holds without the requirement x; + y1 = x2 + y».

This case can be proved by repeatedly swapping prefixes of the
paths, similarly to the proof of the Lindstrém—Gessel-Viennot
(LGV) determinantal formula for non-intersecting paths.

However, this method does not prove the refinement by des or maj,
so we need different tools.

For the refinement by maj, we give bijections that have simple
descriptions in terms of paths.
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Definitions

Pairs of paths crossing each other Results

Counting pairs of paths by crossings

With the specialization t = g = 1 (which ignores des and maj), the
theorem still holds without the requirement x; + y1 = x2 + y».

This case can be proved by repeatedly swapping prefixes of the
paths, similarly to the proof of the Lindstrém—Gessel-Viennot
(LGV) determinantal formula for non-intersecting paths.

However, this method does not prove the refinement by des or maj,
so we need different tools.

For the refinement by maj, we give bijections that have simple
descriptions in terms of paths.

For the further refinement by des, our proof is inspired by
Krattenthaler's '95 refinements of the LGV determinant by des and
maj. It is still bijective but relies on certain two-rowed arrays.
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The bijections 7 and &
The bijection 6, for pairs of paths
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[1l. Some bijections used in the proofs
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The bijections T and &

Partition Pa_,g = 775_”3 U Pi\v_”g according to the last step of the
path. Let v = (1,—1).
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The bijections T and &

Partition Pa_,g = 775_”3 U Pi\v_)B according to the last step of the
path. Let v = (1,—1).
Define a bijection

T:Pag = Phivos
by placing the NE corners of 7(P) at the coordinates of the EN
corners of P:

+ B
f : -3
pt ¢
s _
A._.___.__; (P)
Atve-s
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The bijections T and &

Partition Pa_,g = 775_”3 U Pi\v_)B according to the last step of the
path. Let v = (1,—1).
Define a bijection

T:Pag = Phivos
by placing the NE corners of 7(P) at the coordinates of the EN
corners of P:

+ B
f : -3
pt ¢
s _
A._.___.__; (P)
Atve-s

If A= (x,y) and B = (u, v), one can show that
maj(7(P)) = maj(P) + u—x — 1.
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The bijections T and &

Its inverse is the bijection
= . phN E
0:Pasg— Pavss

obtained by placing the EN corners of 5(P) at the coordinates of
the NE corners of P:
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The bijections T and &

Its inverse is the bijection
= . phN E
0:Pasg— Pavss

obtained by placing the EN corners of 5(P) at the coordinates of
the NE corners of P:

If A= (x,y) and B = (u,v), then
maj(5(P)) = maj(P) — u + x.
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A bijection for pairs of paths

Given (P, Q) € PAZ{—>BO,A2—>B.' let C be the rth crossing from the

right. Suppose that P arrives to C with an N, and Q with an E.

- B
t
B>
t
o=
e+ 4 C
Pl"_'
t
Ar fQ
Arb
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A bijection for pairs of paths

Given (P, Q) € 77%1;80 Ap—sBa let C be the rth crossing from the
right. Suppose that P arrives to C with an N, and Q with an E.

Splitting the paths at C, write P = P Pr and Q = Q;Qr.

=B
t
B>
Q t
o -
| C
P [_:_ P
Al i@

Lattice paths by crossings and major index



The bijections 7 and &
The bijection 6, for pairs of paths
Proof ideas The bijections T and o for paths crossing a line

A bijection for pairs of paths

Given (P, Q) € 77%1;80 Ap—sBa let C be the rth crossing from the
right. Suppose that P arrives to C with an N, and Q with an E.

Splitting the paths at C, write P = P;Pg and Q = Q. Qr. Let
P'=G(P)Qr € Pa,—v—e, and Q =7(QL)Pr € Payiv—B.-

- B B:
t
B, - =B
_'_rr‘ .
| -+ -
t t
Q 0 = - !
Lt /;_r—*c
i . o
P| iQ PL A]_*V T {Q
Al f S |
A b -t
Ay +vi
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A bijection for pairs of paths

F . )
r-r C P/ '-JC
4 t
Pl"_
t A1—V t /
AL @ $ ¢
Ayt t

A>+ v

With the right setup, this map (P, Q) — (P’, Q) is a bijection,
which we denote by 6,.
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A bijection for pairs of paths

F . )
r-r C P/ '-JC
4 t
Pl"_
t A1—V t /
AL @ $ ¢
Ayt t

A>+ v

With the right setup, this map (P, Q) — (P’, Q) is a bijection,
which we denote by 6,.

If Ay = (x1,y1) and Az = (x2, y2), one can show that
maj(P’) + maj(Q’) = maj(P) + maj(Q) — (xo — x1 + 1).
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Composing bijections

To prove our theorem about pairs of paths, we use compositions
such as 1 00 0 ---00,, which decreases maj by r(r + x2 — x1).
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Composing bijections

To prove our theorem about pairs of paths, we use compositions
such as 1 00 0 ---00,, which decreases maj by r(r + x2 — x1).

r+B By =+ B
t t B
t 2
-0C1
P | P
t t
e t
-4 C2 4
P 'Q 1"
Ar bt
Ay ¥
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Composing bijections

To prove our theorem about pairs of paths, we use compositions
such as 1 00 0 ---00,, which decreases maj by r(r + x2 — x1).

;“‘Bl B: ;"'31
B> =< By t B,
Cl - Cl OC
4 |l -3
' 92 91 r
red - - oo
:-J C2 R
Py AL —v A2 :
AlA + @ ! 4 Q7
' . -
2 Ay +vi A +2-:
2 \"

In this example, we have a bijection

0100>: PA1—>BQ Ar—By PA1—2V—>82,A2+2V—>B]_
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Composing bijections

The bijection

01 o 02 PAl—)Bz Ax—B1 - 7)Al 2v— B2,A>+2v— By

decreases maj by 2(2 4+ x2 — x1).

The pairs of paths in the image are easy to enumerate.
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Composing bijections

The bijection

01 ° 02 PAl—)Bz A2—>Bl - 7)A]_ 2V—>Bz,A2+2V—>Bl
decreases maj by 2(2 4+ x2 — x1).
The pairs of paths in the image are easy to enumerate. In this case,

with the assumption A; < A, and By < By, we obtain

>2 ()_2mﬁ%)w_h+h_m. i—x+vi—y
A1—B2,A2— By 9 =4 U — x1 + 2 up — Xo — 2

q
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Composing bijections

The bijection

01 o 02 PAl—)Bz Ax—B1 - 7)Al 2v— B2,A>+2v— By
decreases maj by 2(2 4+ x2 — x1).

The pairs of paths in the image are easy to enumerate. In this case,
with the assumption A; < A, and By < By, we obtain

>2 224xe—x) |2 = X1 F Vo —y1| |1 —=X2+Vvi—)

Zl_>BZ»A2_>BI(q) =49 up — x1 + 2 :|q |: up—xp—2 q

As another application of these bijections, they can be used to give
a simpler proof (directly in terms of paths) of Krattenthaler's
refinement by maj of the Lindstrém—Gessel-Viennot determinantal
formula for tuples of non-intersecting paths.
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Bijections for paths crossing a horizontal line

For the problem of a single path crossing a horizontal line, we
define similar bijections 7 and o. These apply to paths with U and
D steps ending on the x-axis, and they fix the right endpoint.
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Bijections for paths crossing a horizontal line

For the problem of a single path crossing a horizontal line, we
define similar bijections 7 and o. These apply to paths with U and
D steps ending on the x-axis, and they fix the right endpoint.

7 reflects the valleys along the x-axis: o reflects the peaks:
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Bijections for paths crossing a horizontal line

For the problem of a single path crossing a horizontal line, we
define similar bijections 7 and o. These apply to paths with U and
D steps ending on the x-axis, and they fix the right endpoint.

7 reflects the valleys along the x-axis: o reflects the peaks:
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Composing bijections

To prove the theorems about paths crossing a line,
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Composing bijections

To prove the theorems about paths crossing a line,
first we shift the path vertically so that the crossed line is the x-axis,
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Composing bijections

To prove the theorems about paths crossing a line,
first we shift the path vertically so that the crossed line is the x-axis,
then we repeatedly apply o and 7 to certain prefixes:

3 LY LY .
s .~ 2~ apply T to the prefix up to G
~<2 ~<2 < pply P p
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Composing bijections

To prove the theorems about paths crossing a line,
first we shift the path vertically so that the crossed line is the x-axis,
then we repeatedly apply o and 7 to certain prefixes:

8

R v+ apply 7 to the prefix up to G
L4 : LY

. HR
FERN
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Composing bijections

To prove the theorems about paths crossing a line,
first we shift the path vertically so that the crossed line is the x-axis,
then we repeatedly apply o and 7 to certain prefixes:

In this case, we get a bijection gfi’e — Ga42,p—2 that decreases
maj by £+ 3. The paths in the image are easy to count.
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Refinement by the number of descents

Our theorems have refinements that also keep track of des (i.e., the
number of DU or EN corners).
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Refinement by the number of descents

Our theorems have refinements that also keep track of des (i.e., the
number of DU or EN corners). Here are some sample formulas:

If0 < ¢ < a— b, then

22”7[ n_n?+m(m+e+1) a b
Cab Zt [n—m]q[n—i—m]q
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Refinement by the number of descents

Our theorems have refinements that also keep track of des (i.e., the
number of DU or EN corners). Here are some sample formulas:

If0 < ¢ < a— b, then

ZQmK n_n?+m(m+e+1) a b
Ga,b Z ! [n - m] [n + m] ’
q q
If Ay < Ay, By < Bo, and x1 + y1 = x» + y», then, for all m > 0,
Hizjsz AssB, (1:9)

_ 2m(2m+x2—x1) | n n(n+2m) u — X1 Vo — W1
: (e 2] [ )

(Z f” n(n—2m) |:U1 - X2:| |:V1 - y2:| )
n n—2m ’
q q

Lattice paths by crossings and major index



The bijections 7 and &
The bijection 0, for pairs of paths
Proof ideas The bijections T and o for paths crossing a line

Refinement by the number of descents

Unfortunately, our bijections 7, &, o do not behave well with
respect to the number of descents.
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Refinement by the number of descents

Unfortunately, our bijections 7, &, o do not behave well with
respect to the number of descents.

Instead, to prove these refinements, we use different bijections that
rely on Krattenthaler's two-rowed arrays.
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Refinement by the number of descents

Unfortunately, our bijections 7, &, o do not behave well with
respect to the number of descents.

Instead, to prove these refinements, we use different bijections that
rely on Krattenthaler's two-rowed arrays.

THANK YOU
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