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4 BnXMoetkerlaci_
classical BN theory studies linear systems
on curves .

For aÑmeCof genusg & a linear system

of rank r & degree d. ask , Creep
c-%D

the BN number peg, r,d)=g-
CrtDcg-dtD is

an important numerical whether e has a god :
criterion
for

• if _peg, r,
d) ≥0, then yes?

• if fcgie,d)
20
,
then no!

Defy when pcgir,d) 20, the BN
locus is

Ng,d=- {Caryl C has agree} .
This is a proper

closed subset ofMg.
E.
g./ crisis genus

3 byporelliptie curves.

f.
( 3,1, 2) = 3- (2)

(3-2+1) = 3-4=-1

well- known that not every genus 3

cane is byperelliptie .



Facts :
• rig,d has expected eodim -p

• when f-
-1
, Ng,d is irred of

code'm I

↳ used by Eisenbach
Mumford

,
Harris Farkas,

and

Farkas-Jensen -Payne in
work on Kodaira dim of My

• when →≤f ≤ -1, rigid has codim
-f

• Ñg,d ≤ Mg?dH

g.
d-1

when peg, r -1,
d-D20.

• rig,d ≤
Cr -1

: How do rig.cl stratify 1g ?
☆genus 14 drawing☆ (

8C'sd) = d-2D

Deth TheeEa- are

the rig,d st. for fixed
r
,
dis

maximal sit. peg,r,d)
no & peg, r-1,d-DÉO

i. e.
,
maximal wot containment above.

( every BN
locus is contained in an expected

maximal BN locus>

MaoimdBNbcusco5_
CMBNL)

In genus≥ 9,
the expected

maximal BN loci are distinct, and hence

are the maximal BN loci.

I



MYThat is
, given two exp

.
more. BN loci

,

& Mg!d ', there is a curve with]
a god .

but not a god !
forint ud picture)

Rk_ Tn genus ≤8,
this is not true: In genus

8
, every

BN special cane has a gZ, but

the g!, locus is
also expected maximal.

(Mukai) n'⇒* visit
Ñ⇒io ¥322

Bb In gents
23, the exp mix

one 1=-1 1=-1 y
⇒ p= -z

Farkas phoned
MBut Cory partially & it's known

that codim I &
codon 2 loci are distinct

Prof For fcgsr,
d) 20 , Vcr,d)

≥19¥) +1,

one has MgÉ⇒ ¢-15,d

Pfl C Pflueger , Jensen - Ranganathan,
Larson

,
.
.
.> ☒.

The CAnd-117 The conjecture holds ingenus
9-19
,
22-23 .



Approach : To distinguish
the remaining exp. maseBuba;

use linear systems on comes on k3 surfaces
to translate the problem to lattice theory
of Pie (s). (Farkas gonalrfg stratification• paper )

why K3 's : comes on
bis 's here been constantpot

of BN theory [Green, tasobfdd, PM, Harris>

4 curnesonk3surfaccstetls.tl
) be a polarized k3 surface

of genus g (142--29-2)
CEIHI a sm.io red curve

.

CC has genus g)

thmctatorsfdd) If Piel = Z.tl then C is BN

general
→so need higher Picard. rank for C to have

BN special systems .

Poof If Piel has a primitive embedding of
-1;D = -Édd zr-2 , 8>-2, ◦<d≤g-i,

and L and H-L are basgzoint free,

then He is a grd .

what if this curve has a gie. 2

f we had a converse to above prop,
we have some lattice cord.
Bard

,
Saint-Donat

,
Knutson

, Dorrego
-
Morrison

,

hello - chooser bone proven various cosmoses
.



Idea : If bad general converse,
"lifting god

"

-17yd & -1kg,d ' are different.
But
,
we don't have such a Comox, . . .

Conj [ Donagi- Morrison,
telti-Chiesa)

genus
≥2

.

A complete basept free gird on C wld≤g-1
and peg, r, d) 20.

Then there is a line bundle Mons

adapted to H s -t. 11-1 c- 1^11
,

and

8cmc) ≤ 8CA)= d-Zr.

Defy call M a DM
lift of A.

Results g 's ✓ (Saint- Dona -1-5

r=l, d2
bound ✓ (Reid)

F- I
✓ ☒or)

8--2
✓ @ e)

computes 8Ce) ✓ to up
to forite

exceptions

tnmltud-MDM conj holds for g>d if d
< bound
T

depending
on 8C and Picco

.



↳DICER :

If we want to show

Ng,d $ MY,d' for two exp. mase. log

we suppose Ccs cat -15g,D= Pie and

we suppose C has a yr'd' .

Then if Dr conj holds for g%; we get
a line bundle M c-Pics sit.

ñ=2s -2 & M.tt-e.CM is like a lift of a gse)
sole depend on r

'&d
'

,
and there are finitely

many possible suck M.

Thus we have edge C- -15yd.
hattiucond-suck-1-sg.ec/--1ig.d.
This lattice condition can be easily checked

themA-H) If this lattice condition
holds

.

and the DM conj holds, krhxedg, then the
man BN locus conj

holds
.



• Easy to check
lattice cord

.

holds

in genus
2- 88

• DM conj
holds in rk≤3 & suffices

to show MBNL conj for gems 9-19
, 22,23.

haz-arsfdd-rukaiBundlest.tt
A a complete by>- free gird on C.

◦→ Fga→ HEC,A)⊕
→ A→ 0

%
◦→ tgocc,1-5×0

→ Ee
, 1-
→ we⑨1-

°
→◦

↳ LM bundle

these were introduced by tartarsLtd in proof of BN theorem .

G-[c]=H, cz=d, rk=rH
"

→ᵈᵗ,¥¥¥⇒⇔. ⇒ not .me



Prof suppose Eqt is
unstable and its maximal

destabilizing subhead
is a line bundle

N
.

Then M= H-N is a DM liftof -1

(already implicit in work of Lazarsfeld & DMS

"T.to?:t.::?..?:::::ns.I
want a filtration like OCNCEga CKY filtration

so rule out other Libations

(e.g. ICZC 3C 4)

The For a filtration not of type v4,
Colee,A)→

0
.

Idea : Glee,a) = Ca terms + products of c, 's

bound 4 terms using stability @
not space

crakai] of stable streams
bound intersections using slope arguments

Thus when d < bound
,

the only filtration

is OCNCE &
we have a DM lift.




