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“Canonical” Lotka-Volterra system

» Fundamentally: Lotka-Volterra equations are a system of coupled, autonomous, 1st-order
ODEs adapted from individual Verhulst (logistic) models:

d
— = x(a—By)
dy

- = Y(@x—vy)

with a, B8,v, 6 all positive constants

Dynamics of the canonical model:

Stability: two equilibria at (0,0) and (g,%

By
0 7
Jacobians: /(0,0) = (g _Oy) —>SP,J (g%) = <a6 06> - 1 = +iyJay — stable periodic orbits
B

Also, as the model is autonomous and 1st-order, Poincaré-Bendixson theorem predicts no chaos
for these systems (even in the subsequent variations of these equations)
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“Canonical” LV system with 3 species

d
T =x@=py)
» System: Y v(éx—ez—vy); a,pB,v,6,¢& {,n constants
dt
d
—=20y-m

: represents the natural growth rate of in the absence of predators

: represents the effect of predation on x

: represents the natural death rate of y

: represents the efficiency rate of y in the presence of x

: represents the effect of predation on species y by species z

: represents the natural death rate of the predator z in the absence of prey
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: represents the efficiency of the predator z in the presence of prey y




“Canonical” LV system with 3 species

0 y/6
» Equilibria: 2 points: (0) and (a/ﬁ).
0

0
X a— Py —x[ 0
» Jacobean: Df (y) = yé obx—ez—y —ye&
z 0 14 (y—n

» For parameters a=0.3 B=0.2 y=0.4 6=0.5 €=0.1 (=0.7 n=0.3:

0
For Df(o) are 1 = +0.3,+0.4 - saddle, and
0

/o
For Df(a/ﬁ> are A = £0.1095i, 0.75 —unstable
0




“Canonical” LV system with 3 species
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“Canonical” LV system with 3 species
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Modifying the equations (more complex
predator-prey behavior)

» We will look at variations to the relative consumption behavior
(overconsumption of x(t) by y(t)):

first when (a-fy) is changed to (a — fy™) (explicitly here, case of n = 2) )

Dynamics:

Equilibria at (0,0) ( J = (g _Oy) — SP) ,(g,i 2y (] =

o -26(%) J3

0

— A € iR — periodic orbits)
)

IR
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» And now changing (a« — By) to (a — Be”):

Equilibria at (0,0) and (%»108%)

a—pf 0

For (0,0):] = ( 0 ) (then SP for a > B, sink for a < ()

0 _ye
For (g,logg): J=( o 08 (periodic orbits for a > B, SP for a < B)

=
2.8 /

f x(t)
24 ‘.ff ¥t |

Initial conditions (x(0),y(0))=(3,1)

w
(&)

[o%}
T

N
o

x'(t) = x(t)(0.3 —

Species population x(t), y(t)
S

—_
T

o
(&)

o

5 10 15 20 25 30 35 40 45 50

o

Tirma intarmmasl TN &N



2.4

Time interval [0 &N

—
— HHH\
" e
=
al A e
¥ = - .
L2 0.9 o o3 A 03 4 06 4 09 12 s 18 21 24 27
t . N . N .
o \\
Initial conditions (x(0),y(0))=(3,1)
x(t)
y(t)

25 4
=
€ 2 y
x —_ ﬁ
= —
2
kS
315 1
Q
8
[}
@
5 1 1
@
=
[

0.5 1

4 L : . . . . .

0 5 10 15 20 25 30 35 40 45 50

Species population x(t), y(t)

25

1.5

0.5

Initial conditions (x(0),y(0))=(3,1)

" L

x(t)
y(t)

10

15 20 25 30 35
Time interval [0,50]
\

-0.9

-0.8




