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PREFACE

The Newtonien polygon occupies en important
position among the criteriz used to determine the
reducibility of & polymomial f(x). It is pro-
posed to extend the use of this polygon in order to
develop certain criteris dependent upon the sbsolute
velues &8s well as the divisibility properties of the
coefficients.

In the first part will be given & historical
outline of those theorems =nd generalizations which
have been shown to depend on the above mentioned
polyvgons. A brief review of other types of criteris
will also be given.

The Kewtonien polygon us defined by Dumes is
then extendsd to one of closed convex form, the upper
sides of which sre dependent upon the ebsolute values
of the coefficients. The study of these polygons
leads to an epproximete nultiplication theorem. The
converse, the decomposition of these polygons, leads
to certain criterie of irreducibility. While these
are algebraic in nature they will, in general, be
stated iﬁ geometric form, with elgebraic formulation

for certain specific ceases.
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CHAPTER I
HISTORICAL INTRODUCTION

1
1. ZEarliest Theorems on Irreducibility.

Given & polynomial
f(x) =8,x"+ a,x - ...48 %48,

where the coefficlents a_, &, , ...,a, are rational
integers. It is frequently necessary to decide
whether or not there exists & decomposition,

fix) = £,(x)f{x) .ocf.(x)
where f,(x) - h‘.oxhib,.,x"‘j...*[:,.,,__.(1-#1,2. ane gEds
the coefficients q&r are rational intaga?a and

?%;ni= n.

Among the methods of deciding this question which may

be completed in & finite number of steps are those of

1. Ore, "Uber die Reduzibilitét von algebreischer
Gleichungen." Christiania Videnskapsselskapets

Skrifter. pt,I. (1923) Zee.




Kronaeké%, Runé%. and Man&i. Since these calculations
are exceedingly long and tedious to manipulate, it is
natural thet criteris dependent upon the coefficients
should be sought..
The earliest of this type was that of Sehén&mﬂng;
Theoren: Given
£(x) = §ix) + p (x)
Then f(x) is irreducible if
K(x) # o (modﬁ p 4 (19,
cP(x) is & prime function of degree s, and M(x)
is of degree less then st.
Schonemenn's theorem wes followed in 1850 by
that of Eisenatei%-
Theorem: Given

=i

f(x) = X"+ 8,X #ens~ 8,,

2. Kronecker, "Uber die Irreductibilitét von Gleichungen"

Monatsberichte, Akademie der Wissenscheften Berlin.
L 62,

3« Runge, "Uber die Zerlegung ganzer ganzzahligar Funk-
tionen in irreductible Factoren." Journal fir
Mathematik. XCIX (1887), 89-97. T e

4. Mandl, "Uber die Zerlegung genzer ganzzshliser Funk-
tionen in irreductible Factoren."™ Journal fir
Mathematik. CXIII (1894), 252-261l.

ne Methode zur Zerlegung genzer genzzshliger
Funktionen in irreducible Factoren.” Jahresheriﬁhte
der Deutsche Methems tiker Vereinigung. 8 -

8. Schonamann, "Grundzige einer ellgemeinen Theorie der
hoheren Congruenzen, deren Modul elne reale Primzshl
ist." Journel fir Methemetik. XXXI (1845),269-325.

“Von denjenigen lodulen, welche Petanzon
von Primzahlen sind.” Journsl fur Hathematik.
IXXIT (1846), ©3~100.

6. Elsenstein, "Uber die Irreductibilitédt und einige
endere Eigenschaften der Cleichung, von welcher die
Theilung der ganzen lemnlscate abhangt."™ Journal
fur Mathematik. XXXIX (1850), 166.




where the coefficlents a; are retionsl integers,
a, # 0.
If @.=0(mod p), (i-=1,2, ...n),
end &, 7 O(mod p* ); then f(x) is irreducible.
Thet the theorem of Eisenstein is & speclel case
of Sehi’mmam'g theorem is apparent when
qo(x) = th;‘ s M{x)=b, 2"+ 00otd,.

2. Genmerslizations of the Theorem of Kissnstein.

Not until mueh lster did eny further theorems
appear., Konigsberger in his first paper? gives little but
results, but his aeoondgcontains proofs for two theorems.

Theorem: Civen
£(X) = B.X"+ 8,% # veetfye
If a~b. p b (1,8, <oy B%LL,
a,-b, p”°, b,F0(mod p), &.70(med p),
end (r,n)=1; then f(x) is irreducible.
Theorem: Civen
Fix) =8, 240, 2" Faea* B, o
If a, #0(mod p) # O(mod q),
8, - ptlH) el Duiially iy ny o ekl
&, =p’g"b, b,70(mod p) £ O(mod q),
where 1oy (/A,Ir)-= 1, p and q ere two different

retional primes, and the symbol () indicates one or

7+ Schénemann, "Uber einige von Herrn Dr. Eisénstein
sufgestellte Lehrsétze irreductible Congruenzen
betreffend.” Journsl Tir Methematik. XL(1850),188.

8. Kénigsberger, "Uber den Eisensteinschen Sétz von der
Irreductibilitét algebraischer Gleichungen.™

SitzungsburichtaE Akademie der Wissenscheften

X 1!'1. 8 4 -2, 1155-113§¢

9. Kdnigsberger, "Uber den Eisensteinschen Si&tz von der
Irreductibilitédt algebraischer Cleichungen.”

_Upurnel fir Methematik. @Xv (1895), 53-78.




zero according as r 1s or is not divisible by s; then
r{x) is irreducible.

Kdnigsberger proves these stetements by analogy to

certaln theorems in algebraic functions. He sets up an

equation whose roots are powers of those of f(x). This

equetion is reducible simulteneously with f(x) and the irre-

ducibility of the new egquation can be shown by the theorem of

Eigsenstein.

Net‘gi? gives several theorems concerning the number

and degrees of possible fsotors of certain types of polynomials.

Theorem: Given

£({x) = 278, X" faee + 8,0
if a_-pb; , {1 =1,8, asesy = =1},

a-phb;, (L=ctyorrl, eue 4 1),

b, #0(mod p) and n > B¢
then £(3) hes no fec.ors of degree less then o~~1.
Corollary I: If n=2«+2; then f(x) can have only two
irreducible factors both of degree ~<+1.
Corollery II: If n=2<+1; then f(x) is irreducible.
Theorem: Given

r(x]'_-x"*a,xm-f -+ -..‘f"B,.

Ir a:‘:pbé ? (1"0’1’ "oy n-ad-E),
a.-p°b., (25 Wl 4 ), senlm=tind)
aa'=psb1 : (if-n-d' .o ey n,.

b, ¥ O(mod p) end n> 3e 3

10.

Netto, "Uber die Irreductibilitet genzer genzzahliger
Ftinotionm." Methematische Annslen. XLVIII (1897)
8 -eao




then f(x) cen at most have two factors, the degree of
one being not less then 2-+2 and that of the other
not less then <1,
Theorems giving criteria for polynomisls which ere
either irreducible or have irreducible factors of degree
n~1 or n-2 are also included in this paper.

. 11
In 1800 Konigsberger glves a more generel criterion.

Theorem: Given
) . ) ¥ [l
flx)=x"+p ' e 8,, X+teas +P atxﬂ-p "'"q“‘"’a x X aay
3:\ : v 5(.’) By et Jraet 350
S O Vaad W 2o R a,.x i pre’ 8, xil..
(1

+pa‘ g e xl+p‘5' S a,x-:-pf'*(a"qdqao :

where p and g are two different retionsl primes.

Iir 50] :C[{r,,-—g,) %:-%%.j i & ]u.-“s.\ (}VH -&lo,,]-ti

8

5 [ }L-;,—{L)r;r"] or € G}..V “V;«Z.j*l

§a
£, =o)L er c):(u--‘()-%?jﬂ

¥
eccording as e is or is not an integer,

M T, W el W O pa
WQ/‘L‘:’ ?‘ , the fractions }% ) % 2 ere irre-
&, # 0(mod p) # 0(mod q)
é/mé o(mod p), a_#0(mod q);
then r(x) is irreducible.

ducible,

12
Bauer's extension of this theorem msde it appliceble

11. Konigsberger, "Uber die Entwickelungsiorm algebraischer
Punctionen und Irreductibilitét algebraischer
Gleichungen.™ Journal fir Mathematik. CXIXI (1900),
320~359.

12, Bauer, "Beitreg zur Theorie der irreduzibeln Gleichungen."
Journsl fir Mathemetik. CIXVIII (1905), 298-201.

vy



for any number of primes. His proof depends upon ideal theory.
Theorem: Civen
f(x) =I“+a,1w—‘+ ewna +3,, .

It 1) - A n, where the n, are £ll relatively prime,

S=1
g ‘lb‘e‘,-f /
2) a.="p =57/ C, where the = ere positive

integers such that (o, ,n;) =1l. (The symbol EEE denotes
the largest rationsl integer less then or equal to £ .)

- % 10 - - ji P. V=% P.aB:s g..: p. are different
rational primes; then f(x) is irreducible.

All of the previous theorems &re included in one
given by Perr%g who mekes use of two suxiliery theorems from
ideal theory.

1, A rationsl prime cean have at most n prime ideel
faotors in & field of degree n.

2., A rational prime cean only be the nth power of a
prime ideel if the degree of the field containing the prime
is divisible by n.

Theorem: Civen

-

f(x) *""x“‘f B.X“ + s ee "a,,.

5 et
b L/

If E;“ :Ei-: pst—-i c‘-" (1_"1’2’ e nm g n-l”
r e —
€. 2 W C.» (C, » l:l ps)=1,

end the r+l numbers n, <,, o, s«s3°%,, H&Ve no common
divisor; then f(x) is irreducible.
Perron extended this method to certairn other theorems on the
number snd the degrees of possible factors, including a proof

of Netto's first theorem.

*13. Perron, "Uber eine Anwendung der Ideesltheorie auf die
Frige nech der Irreduzibilitiit slgebrailscher
Gleichungen.” Mathemeatische Annslen. IX (1908),
4%'453.




0r%4turther extended these theorems to reducibility
in an earbitrary algedbrasic field, using the prime 1defls'1ﬁ
in place of the primes p_ . |
Theorem: Given
£{x) = X7+ 8, X" +oaat eps
where the a, are integers in en algebreic field XK (V).
If a; :"ﬁ‘ 53-?‘;1:;, (1-1,2, «ca,n),
(b,‘,’fl:' ‘:Ps T e - “ee , ¥ sre prime
ideals. Hara:EE indicates the f;tional integer next
greater than = if T 1is not integral end + if it is
integrel. If n,e, , o433 ««s 3o, have no common factor
£{x) is irreducible. If e is the greatest common factor
Of Dyl yelyy sasyot, 80@ ¥ is one of the numbers
1,2, ... e; then f(x) cen only have factors of degree
s LB
In the rationel field this reduces to a theorem similar to
that of Perron but imposing more stringent conditions. In
Bhis samc psper Ore adds the theorem;
Theorem: Given
£{x) = x"+8,pxX  '4...*8.,_, PX +8,P.
If a,# O(mod p); then f(x) will be irreducible in all
algebreic fields K{ %) in which p does not divide the
diseriminant of % .

3. Generslizstions of the Theorem of Schonemsann.

The first such theorems ere given by

14. Ore, "Uber die Reduktibilitét in algebraischen
Zahlkorpern." HNorsk Mstemetisk Forening Skrifter,
(1922), ser.l, A




15
Kehén.

Theorem: Clven the polynomisal
£(x) = x"+0,_x" % ple, ., XteeetC,Xve, x=1),
if ¢, #0(mod p) #tl(mod p); then r(x) 1s
irredacible.
Theorem: Civen the polynomial

fix)=-x"+e,.x+ o,% *+ple, x AT )
where ¢, ¥0(mod p)¥ = 1l(mod p). If no root of this
polynomisl is egual %o = 1; the polynomizl is irre-
ducible.

The next theorem, & more direct generslization,
was proved by Bau%g in 1905, The proof 1s completed by
means of idesl theory. '

rem: Given xcﬂ = d)tm) + F‘ M (x)

If 1} 4(x) is a prime function (mod p) of degree m,
g) (t,eL)= 1,
3) the degres of ¥({x) is less then mt, and
4) E(x)¥o(modd p, &(x)); then f(x) is
irreducible.
This theorer was included in & more general one
by 0}3.
Theorem: Given

5
£ix) :'sl_.l. rilx}e" +« p H(x), f(x) of degree n.

15. Kehen, "Uber einige irreducible Polyncme." Jéhrb

dber die Fortschritte der Methemstik, XX +100.
16. Bsuer, "vVerallgemeinerung eines oShtzes von Schonemann, ™
Journel fir Mathemetik. CXXVIII (1805), 87-8%.
17. Ore, "Uber die Reduzibilitét von slgebraischen

Gleichungen.” Christienia Videnskepsselskapets
sSkrifter. (19237, Pt.f,?&&.




If 1) f, (x) is & prime funciion of degree n ,
g} (& ;001 =8¢
3) the degree of M(x) is less then n, end
4) ¥(x) # 0(modd p,f; (x)); then f(x) can only

have Tactors of degree
5
r-=’ Z k‘- ‘_e'_"_' n " 9

where k; is one of the numbers 1,2, ... b;.
For s = 1 end (e, ot ) =1, this is the theorem of Bsuer.

Ore also indicates that this theorem msy be generslized

=l .

to the case where r(x) =Z;: f:_(xleg-f- kM (x), kjép‘; .
and states this theoram for the case of s = 1.
Theorem: Given }Sm) = P i‘: H“ Mo
If 1) {(x) is 2 prime function of degree m,
2) (€506 500, 5 senscle )=b,
3) the degree of M(x) is less then em, and
4) M(x) #O(modd p , ¢ (x) ); then f(x)
can only have factiors of degree ¥-K *% m where

k is one of the numbers 1,2, ...,' b.

4. The Newtoniesn Polygon.

The Newtonian polygon of & polynomial is defined
as the least convex polygon lying on or below the points

P, defined &s follows:

Given f(x) = Iw-"a,x“-‘-ﬁ oo™ B o
5 i W p““ B: » b, #0(mod p);
then P.= (n-1,-).

In 1906 Dum%g proved that the polyzon of & product coincides

18. Dumas, "Sur guelques cés d'irreductibilité des
polynomes & coefficlents retionnels.™ Journal
de Mathémetigues. ser.6.II (1906), 191-256.




with the préduct of the polygons of the factors. Here
the product of two polygons is defined es the polygon
formed by laying off the sides of the factor pélygons in
order of increasing inclination. Hence if the polygon
of a polynomial i1s & straight line crossing ho lattice
points, the polynomiesl is irreducible.

If e polynonial satisfiles the theorem of
Eisenstein evidently the polygon will be the straight
line (n,0),(0,1) which contains no lattice points.

If the coﬁditions of Konigsberger's theorem are
satisfied, the polygon will likewise be & straight line
{n,0), (0O,r) containing no lattice points since {n,r) 1.

Suppose the Newtonian polygon of f(x) has the
sldes 8,, S,.+., 5, whose projections on the x and y
axes are respectively 2, 2., ceeslum s K, » Kus seeskus

The slopes of the sides can then be indicated by

If (k,, l:) = e, them k.- e.#.,l. = o,A\: ana
tan =5 (M) -1
Dumes' product theprem then gives the theorem:
Theorem: f(x) can have fectors of degree r only
when r is of the fozg
P e Z s
where o is one of the numbers 0,1,2, ...,0; .

19 .
Firtwangler states e similar theoream in the

19. PFirtwengler, "Uber Keiterien fir irreduzible und fir
primitive Gleichungen.™ JlMathem&tische Annalen.
m (1922)| 3*-401



form:
Theorem: Civen the polynomial
[V e,

I‘(:l:)-_—a,,xmpe, a'x'“__:.‘..-i-p 8 x:-p a

h—) nh*

where a, # 0 (mod p).
1) If the positive rraction‘?ég'fi‘(1= 158 0veptt)3

then f(x) is either irreducible or if reducible can

have factors only of degree ‘\%*/‘ s ¥ =(0,_ ,n=k),

A and /h- are integers A> 0, O '-/--e k.

2) It (e, _y ,n~k)=1; then f(x) if reducible hes one

factor whose degree 1is at least k.

3) If k=n; then f(x) if reducible can have factors
only of degrees which ere multiples of '-3 where

t =(n,e, ).

4) If k-n end (n,e )=1; f(x) is irreducible.

Kﬁracnakgg paper published in 1923 defines &
more general type of polygon giving & generslized Dumas-
Eisenstein theorem.

However in the same year, Orglaxtended the
definition of the Newtonien polygong to completely general-
ize the Schonemann-Eisenstein theorems.

Given the pelynomial,

f(:) = xh+.ﬂ.‘xh'+ -..“‘e,._,x*kﬂ.
Choose p & rational prime end d(x) = prime function

(mod p) whose degree m is a divisor of n, f(x) can then

20, EKirschak, "Irreduzible Formen." Journsl fiir Math-
ematik., CLII(1923), 180-191.

21. Ore, "Zur Theorie der Irreduzibilitéts-Kreiterien."
Matheme tische Zeitschrift, XVIII (1923), 278-288.

/Y



be written in the form:
5

tx) = 2 a,q; (x4 x),
where a‘.‘;/o(mod p), 8nd ¢;(x) 1is &t most of degree m-l,
If the points P, = (s-i,e¢) are plotted, a Newionian poly&on
can be constructed. From this polygon Ore derived the
general theorem.
Theorem: Civen
£(x) = a. " (x) + 84,(x) P (x)4..r8,4.(x).
Ir 1) c? (x) is ?_v_;:rim function (mod p) of degree m»
5} s = pin , A =4 ¥
o, ¥ 0lmod p), =4 O(med p),
3) the degree of «.(x) is at most m-1l, and
4) Q. (x) # O(mod p);
then f{x) cen only heve fectors of degree
t -mET
where ¢ = (n,r) and ©™ is one of the numbers 1, 2,

L N ,Q.

5. Criterie Dependent Upon Values for Integrel Arguments.
22
in 1908 Schur proposed the problem:

When are the polynomisls
£(x) = (x~e,)(x-e,) «v.(x-8,)-1
r’_(x)f (x-&,)(x~-8,) ... (x~8,)+1
reducible or irreducible in the rational field?

23
vestlund showed that f, (x) is elways irreducible

£2. Schur, "Problem 226." Archlv der Mathematik und
Physik. ser.3.XIII (IS087,368,

23. Westlund, "On the irreducibility of certain poly-
nomials.” Americen Methemaetical ¥onthly. XVI
(1909), 66-67.




end that rt(xJ is reducible only if it is a perfect
sgquare.
. 24

Flugel in solving the problem set by Schur gave
the more complete solution thet f,(x) is always irre-
ducible and f(x) is reducible only in the two ceses

(x-8)(x-a+2)+1 = [(x-a «1)T
(x-8) (x-a +1) (x-a +2)(x-8 +3) =[(x-e)(x-a+3)+1] .

In the ssme year Sahgg set & second problem:

Show thst r,(x) :(x-a,fix—a;f'...(x-aa}?-1
f&{x)==(x-a,j?x-aL)“...(x-a“f;-l
are irreducible in the rationsl field.

A few years leter Stﬁekgg considered rationsl
integral functions taking prime values for integral
srguments, He mede uze of several suxiliary theorems.

There 1s no rational integrel function which for
integrel srguments represents only prime numbers. If a
function represents an infinite number of primes it is
irreducible. A reducible function of degree n cen et
most represent Zn primes when integers are substituted
for x . Therefore when k exceeds some arbitrary limit
f(k) will represent only composite numbers.

| Finelly, every rationsl integrsl function r(x)

defines a related positive integer S such that f(x)

24, TFlugel, "Solution of & Problem by Schur.” Archiv
der Mathematik und Physik. ser.3.XV (1909), 271.
25. Schur, "Problem 275." Archiv der Mathemstik und
Physik. ser.3.XV (1909], £50.
26, ©Stackel, "Arithmetische Elgenscheften ganzer
Funetionen.™ Journal fur Mathematik. CXLVIII
(1e18), 101-112,

/3
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is irreducible in the rationsl field if for k> 38, f(k)
represents & prime.
Theorem: If A is the upper bound of the coefficients;
i.e., A>\a.\ , of & polynomiel f(x) of degree n = 4,

end if for k2> 8 s (b +2)
_ Ant (n-1)
S= 2+ 1L 2t 3 -~ (n=-n!

(k) is & prime; then f(x) is irreducible.

Pol%z’ in order to prove three criteria makes
use of the auxilisry theorem:
If 2 polynomliel f(x) of nth degree is such thet for
n+1 veluss . of x,
n'
\£ 06 <55
then f (x) is not integral.
Theorem: If the polynomial f(x) of nth degree is such

thet for n velues (. of X, no lt (f:)= 0 ena
Lase AL

)f ( Y‘” (_@-_%
then f(x) is irreducible.
Theorem: If there exist n integers Xi, (2, oo,
such that the difference btween eny two of them
X; = Kﬁd, i # j, and such thst when they ere sub-
'atituted for x in the polynomiel £(x), f£( Y. )0 end

2 (61| D) (m-r21)!
then f{x) is irreducible. ‘
Theorem: If £{(x) of degree n =17, takes on the value

p for n different integral values of x where

2%. Pglyé, "Verscheidene Bemerkungen zur Zahlentheorie.™
Jehresberichte der Deutsche NMsthematiker.

Vereinigung JXVILII (1919), 51=40.
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P is a rstional prime; then f(x) is either irre-
ducible or the product of two factors of the same
degree.
The theorems proved by Brauer, Erauer and
Hopf included & solution of Schur's second problem.
Where
P(x) = (x-a,)(x-a,) «c.(x-a,)
the three authors showed that:
Theorem: If G(x)-2z'+1; then G[_P (xﬁia irreduc-
ible.
Theorem: If G(x) = ez+1 where ¢ is a positive in-
teger is irreducible; then GE(:H is irreducible.
Theorem: If G(x) - 2z'+1; then G [P (x] is irreduc-
ible.
Theorem: If G(x) = ¢, z™+c,z're,z «c,z2+1 18 &n
irreducible integrel polynomie; then there sre
only & finite number of different polynomials
P{x) for which C—@(x)] will be reducible.
Gfg(xﬁ decomposes in factors of unegual
degrees conly when
P(x) = x(x=-1)(z+1)

and C(x) is one of the polynomials:

2 ez*+1 gz -4z+1

+ £ “ 3 &=
Z+8z +3z+ 1 8z '+ 3z -~z <-32+1
2+82" -3z +1 8z % 32" -z" + 3z+1

27z " -9z°+1

28. Breuer, Brauer end Hopf, "Uber die Irreduzibilitéts
einiger Spezielle Klessen von Polynomen."
Jehresberichte der Deutsche lathematiker

Vereinigung. XXXV (1926), ¢g-112,
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In the same year Ille used an esuxiliary theorem

similer to that of Polya. If & positively definite

polynomial of degree n =2k is such that for at least k

integrel values ¥; of x, f(%.) # 0,

\f (&) ‘“i%::

then f{x) is irreducible in the rational rield. 1Ille

used this theorem to prove that:

Theorem: P(x) = n(x—a,)‘”(x-a,_}t'... (x-a,,)1+ 1 where
e is a positive integer not a perfect square and
k >8, is irreducible.

Theorem: If G(x)= az“+bz*ez+dz 1 is an irre-
ducible polynomisl, P(x) = (x-a.,)(x-8,) «..(x~8,)
where the a, are all different; then GJ?(:E can
have no factors of degree less than k.

%egggr in 1931 extended the first of Brsuer,

Brauer and lopf's theorems to the case where the last

term of G(z) mey be different from one.

Theorem: If P{x) =(x-a,6)(x~-a,) ...(x-2,), n>85,
d 8 rational integer not & perfect square and
d#£3(mod 4); then

[Pix)]* @ e irreductible.

29.

30.

Ille, "Einige Bermerkung zur einem von G. Polya
herruhrenden Irreduzibilitétskriterium.”
Jahresbterichte der Deutsche Mathemetiker

Vereini TRV ifgﬁgi 204~ 206,
Wegner, "UEer die Irreduzibilitat einer Xlasse
von ganzen retionalen Funktionen."™ Jahres-

berichte der Deutsche Mathemetiker Vereini ~
p 4 (15515, 230~241.,
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The paper by Dorwart snd Ore besides showing
that the previous criteria may be derived from 2 common
source, generalizes the previous criteria, adds seversl
new theorems and extends te gquadratic imeginery fields.
Thre§ theorems sre derived by use of the suxiliary theorems:
A polynomial f(x) teking the value t1 (-1), m>3
times cemnot teke the velue -1 ( +1).
A polynomial f(x) of nth degree taking the values
+ 1 at m points a,, 8,, ...8, where 4<m<n c&n have
fectors only of the fomm
glx) =(x-a, )(x-8,) «..(x=-8, )h{x)+ 1.
The degree of a factor is therefore never less than m,
and when m>% , f(x) is irreducible.
These lead to the theorems:
Theorem: The polynomials
f(x) = a(x-a,)(x~-8,) ¢oee(x=a,)+1
are alwsys irreducible except when f(x) is equiv-
elent to one of the following polynomisals,
x(x-1) (x=2) (x=3)+1 > [x(x=3) + 1]*
x(x=2)¢1= (x~1)"
4(x-1)x+l - (2x-1)".
This is the complete generalization of the case examined
by Schur, Westlund and Flugel.
Theorem: The polynomials
FE(x)] = b,P(x)" «b, P(x) +1

3l, Dorwart and Ore, "Criterie for the irreducibility
of polynomials.” Annals of Mathematics. 2 ser.
xxxIv (1933), 81-94.
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where F(x)=Db,x+ b, x +1 is irreducible eand
P(x) =(x~2, )(x=-a,) ... (x=3,)
ere always irreducible when n3 5.
The possible exceptional cases for n <4 are also listed.
Theorem: The polynomials
£(x) = o(x=8,) (x=8.) «us(x~a,)#1
are elways irreducible if ec7#-b except whm'f(x)
is eguivalent to
—B(x-l)tx‘1x-1f}1=(ax -1)(—4::6:‘-1).
This included Schur's second problem and generalized the
theorem of Ille.

These theorems are then extended in general
form to the guestion of reducibility in quadretic
imeginary fields.

Theorems are enunciated upon the number of times
a function mey take the values +p or =-p which lead to
the theorems:

Theorem: A polynomial of the form
£{x) = (x-a,) (x-a.) ...(x~a,) £, (x)sp
where m>10 can heve factors only of degrees:%.
Or where m=n the degree of f{x):
Theorem: A polynomial of the form
f(x) =a(x-a,)(x-a;) ens(x-a,)+p
where n>10, is irreducible if n is odd and when n
is aven it may have only two fectors of degree jz'!.
For n%l0 it is found that this theorem holds except when
n=3 where f(x) is reducible only for the two polynomials
(x=1) (x+1)(x+p)+ p=x(x+px=-1)
4x(x-1)(2x+p=-1)+p =(2x-1) (4x+Epx~4x-p)
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Theorem: A polynomial taking the velues *1 or+p
at altogether m > 10 points cannot have any factors
of degree less than % .

If is also indiceted that these methods msy be

extended to polynomisls taking the value+ d, and gener=-

alized te quadratic imaginary fields.

6.

Other Types of Criterie.

32
Schur in 1929 added criteris for several special

types of polynomials. Four aiﬁilar.typea are defined.

Theorem: Xvery poclynomial of the form

r( -1+4x d_ﬁz.(_ _-f"dﬂ-—l__'_x_tj-tx‘"
x)-‘- 17} - 2 2'! — ("1._’).’ 7,’

where the a,; sare rational integers, is irreducible.

Theorem: Every polynomial of the form
2 5
s K‘s‘ Am-n X
X »1 dr..{-—-'f‘ a, = ¢ _ -+ 4—,.._, +
ha i “3 ® Uy Uz

where the e; are retional integers,
Uy= 1B B ans ‘2!‘1) 3 is irreducible.

Theorem: In general every polynomial of the form

= > 2% iy
r(x’_—, /1‘"‘2'——: f-al-—:g—-(-—--‘f'd‘h-f___’t ~+ X

= Ue é(a.-a a‘gaf-g

is irreducible. The exception is the case where

2n is of the form 3"-1 (r22). In this case f(x)
mey have & factor of the form x™+ 3.

Theorem: A polynomial of the form
" _.’i X'L e B i x"'!
Flx)= 2 5 ¥ GG dretfns ot 5

will in generel be irreducible. If however n is

of the form 2" =1 (rz2), then f(x) may have factors

32

Sehur, "Einige S@tze uber Primzahlen mit Andwendung
auf Ipreductibilitdtsfragen.” Akedemie der
Wissenschaften. Berlin. Sitzungsberichte (1929)
Part 1., 125-136, o70.




of the form x:2. If n=8 then r(x) may have two
irreducible factors one of degree 2 and the other
of degree 6.

In 1807 Perrgg introduced 8 new type of criterion
dependent upon relations between the magnitudes of the
ebsolute values of the coefficients. These are besed on
a simple principle. Given f(x)-=- x"+8,X % .ee+8, =0,
where the a; are rationsl integers, »_+0; if the absolute
value of n-1l of the roots ere less then one, then f(x)
is irreducible. Perron first proves thet if f(x) has a
root < such thet

la,+=] >R +1 =1 Q- tal
where A =lalcl@a| scea=\a,|;
then |+| > 1 and the absolute values of the other n-1 roots
ere less than one. This leads to the theorems:
Thecrem: If the coefficients of f(x) satisfy the
relation |a,|> 1 +|a.l+ | @, |*ccet la.]| 3 then f£(x)
is irreducible.
Theorem: If the coefficients of f(x) setisfy either
of the reletions

£ (5‘%‘)40 or (=1)™ (-2

}<0
where 2 =|8,]| + la,|+..s+ | &,|; then £(x]) is irre-
dueible.

A second principle used by Perron is that if

the equation f(x) = 0 hes & pair of conjugate complex

33. Perron, "Neue Kriterien fir die Irreduzibilitat
algebraischer Gleichungen.” Journsl fir Math-
ematik. CXXXII (1907), 288-307,
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roots, and the remsining n-2 roots are in asbsoclute value
less than one, then f (x) is irreducible. From this is
derived the theorem:
Theorem: If
fa, 24" ( la,] + [&y]|cesntlanl)
then f(x) is irreducible.
If f£(x) is of degree 2 5 1t is irreducible if
o 20 37 4 I} = d et el
Of interest in connection with the suxiliery theorems
used by Perron is a psper by Mayg%. Using & problem in
probebility and its difference equation Mayer showed
that:
Theorem: Civen f(x)-x"+8 x"'4 ... +8,
where the a; are real or imaginery. If
lakl > )@, +lac)+ con t]a g V8 ei )t oos <lanl}
then £ (x) has n-k roots «: such that ||>1 and
k roots =, such that |\%;lc1,
in 1921 Tajigg showed that if |
lawl = lad + laveeetlBu |t (@, [vet | B4
and at least two of the guantitles
8, , 8; , «ee 5 8.,,2re not egqual;
8, a, &~
then n-k of the roots ere such that |(«.|“1l and k roots

such that |<[>1.

B34, Meyer, "Sur les éguetions algébriques." Nouvelles
Annsles de Kethémetigues. ser.3.X (1891),
111"124t

35. Tejima, "6n the roots of an algebraic equstion.”

Tohfku Msthemetical Journal. XIX (1921), 173-174.
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CHAPTER II.
THE CLOSED CONVEX POLYCON

1. The Polygon of f{xy).
In the rapid tracing of algebraic curves in

two variebles a form of Newton's polygon is used to
determine approximating curvos?a This polygon is closed
and convex in form and is defined by the powers of x
and y appearing in the terms of the polynomial. Ve

consider & polynomial
rixy) “Ziaii x;y“i.
For all terms having a r;on-vaniahing coefficient 85
we plot the points
P=(1,])
in a Cartesisn co-ordinate system and -onstruect the
BES least convex polyzon inecluding
all of this adet of points. For
‘ example, flxy)=-x"y -5x’y"+3xy"
-2x =15y + x ¥y’ + 10xy +13x"y

i ] -62:3-3 -2xy +13y1.

The starting point of suceh & polygon may be defined as

36. For a full discussion of this use of the polygons
see W. W, Johnson. Curve Tracing in Cartesian

Co-ordinates. New York, 1884.
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the lowest point on the y-axis., The sides may then be
assigned di;ectiona by proceeding in a counter-cloeck-
wise direction from the starting point and considering
the sides as vectors. (A polygon which reduces to a
straight line is considered as having two directicns. )
The productszr two such polygons is defined

as the polygon constructed by laying off the sides of

the factor polygens in order of increasing ineclination.
(If the inclinations of two sides are equal, thelr
order is immaterisl.) The stertinrg point for such a
construction may be defined as that point on the y-axis
whose ordinste is the sum of the ordinetes of the

starting points of the factor polygons.

37. It must be noted here that this type of polygon
has been mentioned by Shanok, Convex Polyhedra
end Criteria for Irreducibility. (Dissertation
1933, Ta%e University.) Also %hat Dines in his
peper "A theorem on the factorization of polynomials
of certain types." (American Mathematical Society
Bulletin, XXIX (1923), 440) has indicated the
converse of a similar theorem for polynomials of
the form o y

P=y"P, _ (x)y" +eeee t P, (x)y+P.(x)
where the coefficients P;(x) are power series
convergent in a sufficiently restricted neighbor-
hood of the origin and vanishing with x .,

23
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Consider =
r(xyl=;?”, a,; x'y’

where at least one a. # 0 and one a_; ¥ 0;
b = ‘ L

=a Jso

where at least ome &, ,# O and ome a%, # O.

Then h(xy)= £(xy)eg(xy)

heht mtkal

=2 = g 2y

=2 pso

ke i+e

where ¢, X ¥ = a; &, x" " "y'".

w=irh
V=4l

We see that the construetion of the product
of two polygons could also be defined as follows:
| To every voint (i,J) of B,
| end (k, 2% ) of P9 is drawn

a vector from the origin.

By the laws of vector combin-

ation PJI*-P5 is then nothing more than the polygon de-

fined by all those points whose vectors from the origin
are vector sums of the vectors from the origin of P,
and Py, considered in paris one being from P, and one
from PB' That 1is, P+ Pg is the least convex polygon
conteining the set of points (1 +k,j+2).



By definition the polygon Pyq of h(xy) is the
least convex polygon eonteining the points (u,v)i;i.e.,
(i+k, J+l). Hence the points defining the polygons
P k3 and Pg+ Pa coincide provided that ¢ 4 # O.

In order that ¢,, = 0, it is necessary that
the summation defining e,, shall contain more than one
term and that for these terms

1 +k=1%k'=1%k'=.... =u
Jale JHVag o hoice, =y

or e .= a,

t J '
e ak"b a‘,""_ra&rtl-‘— a‘..,d... .b"2"+".".'.

i
Consider any two of these terms
Cek il ; cled! e
a8, X *“y?"" and 8y By X ¥
These are derived from the terms
= x . ‘:f ol t 1
a; x'y’', a, x“y' and e XY, 8, xéy!
respectively. We then consider the second pair of terms
defined by the opposite combination of these terms
S 0 1L ,:’k ol
T AT i e 8 ., x ¥ ‘
These terms define the points
(S k5 J V) (2K, 3'+0)s
The midpoint of the line Joining these points is

(1+ k+i%k', j+2+3'+ )
2 2

or since i+«k-1'¢k‘=u, j=+l1=jled-v,
this midpoint is the missing point (u,v) of ng'.

That is, if a point P of Pgé corresponding
to a point of P + P:‘ is missing through the vanishing
of e.vy, 1t can be shown that terms on either side of

this term so operete as to define points which when

25



plotted will so define the polygon Pta as to inelude
the point P.

We note that the two sets of points consist-
ing one of the meximum and the other of the minimum
point on each ordinete include all cormer points and
points on the sides of the polygon of & polynomial.
That is, of the set of terms

8, X F8,, XY tens # B, BY T B BT
the first and last of these for which a.; # 0 are those
actively involved in the definition of the polygon.
Thus we see that to each polynomisl there corresponds
but one polygon, but that there exist more than one
polynomial corresponding to each polysorn.

The converse of our product theorem ia that
if a volynomial is factorable the polygon of the poly-
nomial is reducible to the polygons of the factors.

And we may state the theorem that if the polyson of a
polynomial is irreducible so also is the polynomial.
2. The Polygon of f(x)

Returning then to the consideration of
£(x)=x"+«A,X> % .set A,
it is possible to write f(x) in the form
£i{x) = i i, PR
where p isc a rat!.onaj:sg;ima and the coefficients r
are all less than pe.
Then the plotting of the points (n-i,])
again defines & closed convex polygon. Recalling that

the sign of a coefficient has no effect upon the poly=-

26
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gon, we need only consider the absolute values of the
coefficients of x. Reeslling also thut the maximum
end minimum points on any ordinste are the actiive points
defining the polygon, we see thaet the minimum point
on any ordinate x=n-i corresponds to the highest power
of p dividing A; and the maximum point on the ordinste
is (n-i,e;) where
pd“f_- (x| -‘-pdcﬂ
That is, the lower sides of this polygen of f(x) co-
incide with the Dumas polygon while the upper sides
depend upon the maegnitudes of the absolute values of
the coefficients, or the logarithms of the coefficients
to a base p.
Evidently we need ot plot all of the points

(1,J) for our purpose, hence we shall define the polygon
of £(x) thus:

Given £(x)= X "+ A X" “eeet Ay

A, #% 0, 4-=0(mod p*) # O(mod p ")

p"" &k [Z-p"":” 3
The points (n-i,a.) (n~i,+;) are plotted in a
Cartesian co-ordinate system (if A;# O no point

is plotted on the ordinate Xx= n-i) and the least

| elosed convex polygon inecluding

these points is constructed. For
example: f(x)= x*-1lax “+ 30x>-30x"

| ~60x - 28.

a -1, a,=1, a,~1, a_-2, a.= 2,

g{.’,,—_ 3’ o, = 4’ ey 4’ o, = 5’ -f‘....:‘.. &z



We see that if a product theorem holds we
shall be eble to derive three forms of irreducibility
eriteria from these polygons.

I. The lower or Dumas polygon is irreducible, whkich
gilves rise to theorems dependent upon the divisibility
properties of the coefficieuts.se

II. The upper polygon ies irreducible, which gives rise
to thecorems dependent upon the absolute values of the
coefficients similar to those given by Perron (1907).59
III. The upper and lower pﬁlygons are in themselves
reducible but do not combine to form closed polysons,
which gives rise to theorems dependent upon the cum=-
bined properties of the coefficients.

Wie f ind when we atiempt to state a product
theorem that while the lower sides of Pg-ﬁPa and Pgy
colncide by Dumas' theorem, the correspondence between
the upper sides is no longer exact. Consider

27 oL

fix)=22r.. xp’

=0 jmo ed

glx) =§f¢ir};z x*p

rem Fu

hix)= f(x)g(x)= = 2 r,, x"p"
The pointsdefining the upper sides of P‘? and Pa are
respectively
(n-1,04) (MPk’f*)
These points define the points

(nwmri-k,dafﬁg of P*+13.

$8, See pages 7 to /2 .
39. See pages a0 Lo 2 .
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Consider the terms defining a correaponding point in
h(x); i.e., u=1+k. It consists of all the terms

for which 14—1:--5!

L3
S ’ 4 omrmei-k Gl
52,: e e A P

In this expansion the coeffieient containing the

maximum power of p is
i o ol 3
r*“‘“ rg/* P ‘7‘
In f(xy) the coefficient r [ rj,'/k could not affect the
powers of ¥, 1t may now however affect the powers of

p. 1IT

i

Tiu; Tap 2P

we have a term containing p to the power <. +/’4,+1,

and the point defining Pﬂ lies above the corresponding
point defining PS'"" Pé' Correspondingly if in the
coefficient

/

> r:ﬁ ot f k=1

r:;d;—! r:"r'h)p'
we may have a second term containing p te the power
.,.»‘.+/5* « I these itwo terms differ in sign they may
cancel each other and the point defining P;’ may fall
below the point defining P;* Pg' We then consider
terms either side of such & variant term and see whether
or nct we may stete that they so operate as to include
the lost point or thaet the point lies within a certain
distance of the line Jjoining points on either side.
That the latter statement is correct and the limits
within which the point must lie are shown in the next

chapter.
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CHAPTER III.
ON THE PRODUCT OF TWO POLYNOMIAILS

l. We shall consider an arbitrary polynomial
£lx) = 7+ 2,2 "Fuwa t 8
wikh complex coefficients. For sll non-vanishing co-
efficients a we plot the points
P:=1{1, og L&) X Bonssughl
in a Cartesisn coordinate system and construct the lowest
eonvex pdlygon lying above all points. ¥We shall denote
the sides of this polygon by
B.s ' Big sen 3 8,
The projections of these sides on the X-axls are
Ligliy sealey
and these numbers are all positive integers, while the
projections
B,y B.s ses 3 N,
of the sides on the Y-axis are real numbers, which may be
positive or negutive according %o the slope of the corres-
ponding sides. The slopes themselves are then

(lo) k;= tBQ"-Q_:‘_ — 108 ’G.‘. (12 1’ 2' e 3 1‘,.
13
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The first and last point of the i-th side are respectively
(1l+ - 2L +li~'l ’ 108 \ al‘*---tl;-uu’ ( l". ...*1“ L log Intl““*l‘ ‘ )

and hence one finds for the slope

k. - ted,- ..22.-. (log le,, , |- log le,, .., [)

or

log [a,, .| « og |e,, .., |+Lk,

or also according to (1)

W
Bis . 2 E
a .

l‘t"‘ =5 ""zl'—i'

®. =

&

Now let
Ao L gverl
denote the abscissa of the end-point of the i-th side S;.
We shell then compsere the size of the coefficients of
£{x) to [g,] .

Let us rirst consider points P\

i ""'J.

lying to the right
of ph;‘ Since all such points are lying on or below the

(1 + 1)=-8t side S s We have

2

(L4

log |8, |<log |&, |+ ik, - log la,|+ J Log #,.,

or

(3)

IaAfi i laﬂzljtl,‘
In the seme way one finds for the points to the left of I}z
log |&, ;| ¢ log | &y | - jk; - log | ayl- § 1og %,
or
(4) \ahzi\ﬁli*i‘nf .
These two inequalities (3) and (4) ere fundemental in the
following considerations.
2., Next let

g(x):x“"'b]x’“ + ...+bm



be enother polynomial end let us consiruct the corres-
ponding polygon with the sides
s*, 8!

1' L s;‘

and the slopes
k' = log ¥ £ = 3y Re nas o Bl
When then/,; denotes the abscissa of the end-point of the
i-th side S we obtaln the inequalities corresponding
to (3) end (4): _ _
) =
(5) |b/,;*j] clm Vo, 5 Iegalein ey
We shall now form the product

hix) = r(x)g(x).—_ X R teser B
of the two peolynomiels., Our main problem in the follow-
ing 1s to determine the relation between the polygone of
f(x), g{x) and h{x)., We shall denote these polygons by
P& 8 P: , &nd E’h respectiively.

By Pi & I"3 we understand the convex polygon obtained

from I“‘g and Pa by arrenging the totslity of sides S; and
S:. of these polygons according to decreasing slopes.

Qur principal result is that the two polygons P,{ + I:‘j and

Pfg are approximetely equel.
We suppose first & _+ 0, b,.# 0. Since
e, ...= &b,
we find

log fe,.. | = 1og |e, |+1og | ®.|
and this shows that the two polygons P?*+ :PJ and Ph have
the seme first point (0, 0) snd the same end-point
(n +m, log | &, | +log |b.. J.

3. Ve shell first determine how much greater sn
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ordinate Yiq of P, may be than the corrssponding ord_inatg

Yieq OF Py + Pye The coefficients in the product have

the form

¢, = 8; +b, 8, +« «so+ Db, 8, +« Db,
and hence
(6) [e,l «la\e[b, Il @, l+caer b, [la,l«b].

The number t; of terms on the right-hand side of (6) is,
when we suppose m<n , N=mem
$ - 33 for 4 < m
(7) TR R fornz.lizm
t; o +m+1-41 for 12 n.,
In every cese we have

(8) taﬁﬂ+1&.§i—1.

The point (1, log l(ec.| ) lies on or below the polygon

Pk . From the constructvion of the sum polygon Pg¢+ P:) it

roilows that no expression log \e.|b..;| cen exceed the
ordinate Vg o B, v Pg at this point. Hence we obtain
from (8)
(9) log le:)<y: + log s,
for all 1 and hence we obtain
(10) ¥y = Yygclogt; = log (m +1) = log (.g;*l )
which is the result we wented to establish.

4. The more difficult proposition is to shew thas
the polygon Ph cannot fall very much below Py + Pj.
We shell show this by considering the difference of the
ordinstes of the two polygons at & corner point of P, + Pj.
The ordinate y"*ﬁ et this point is

(11) = log |a.| +1og lb .},

Yg‘g
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vhere

(12)  (r, log |&,| ), (s, log |bs| )

are corner points of P& and P1 respectively., ¥We shsall
then heve to determine a bound for the sbsolute value of

the difference

(13) - |log |e..| ~ 2oz |a.| - 2og| bsﬂzpng gze) \.

(8, 11 Bs)

For ¢, we have the expression

R, .. - D8 B

ras hs_, en e

S-"+ enn + B‘I“t

and hence from (13)

14 S =\10 1. 8; Dsu 8. bgla
( ) g| "' ;.:__ _bss ". a’-r‘ 5 +’..

ﬂn. b a 4 b iy B
i b, &, “ﬁ; * el

%e now determine an upper bound for the sums ocecurr-
ing in these expressions by means of the inequalities

(3), (4) and (5), which we write in the followling way

-2 '
a:-—.ﬁ' — ‘Q}Ed a:-&; IL_.. K;“

aI" aY
(15) b I—i 5. [
)‘%f")fé)ﬂf ]'ff;" < .
We then find
| bR
(16) a g b 1 a8 =1 bs+3 ’ R;-‘-J’ a{; +/
;.: gs + ai’ s LR 3 ‘f: )f-“ + = .l-...
4;“ 1
end in the same way 4L A
(17) 8 v bq—l & & riy h S-2 '!J'* }’-"-—H’ 1 '
&r bs a., bs “aw }f/fs 1"’&-‘-1‘-}
}{f
It should be observed that I

1 '
HJ, > é‘ev‘--(t Y }&f&> J{'(ng
end from the construction of the sum polygon follows
}L‘fﬁ 2 }{'e‘fl ? J’&"‘ 3 Je’;ﬂ-;



We shall now introduce the sharpness of a corner of

2 polygon, defining the sharpness d, of the < -th coraner

of the polygon PJr through the relation
#{3.‘_ i o-:.;. ‘e’-f,..*; -

In the ssme way a;' is the sharpness of the (-th corner of

P. , where

8 f 5 ]
o= G o

Let us now consider the sharpness ¢ of the corner C

of P+ P,. We have four different possibilities

o
J{/i ">" l“d> dﬂd-#/ 2 dﬁ}&au

S = Hy > e 2 Hu,
M. = W > Hu 2 “ﬂ}lw

B
o =l zt ., =
i i
and in the respective cases we find the four values for o
G—,i) o-/; - -d———eﬁ‘—-* 2 L-eji
Ot¢+r /ﬁ/{&f
A simple consideration shows that in sll cases
(18) d:ﬁﬁ—;— ; A oes P
A iy T

end from (16) end (17) we obtein

BC"E b$4f + % a,-.u b.\-—l 4
&,— bs L B af’ h’ -

This in turn gives the following limits for S |

1og£t.%~>5>los E‘.".:J’f

g - =
or
(1) g-;_% ‘a"“b")>|c"*5\? —3:;:—% ]ar“bs‘

which is the result we desired to deduce

« It shows that

at a sharp corner point of P, + Pg the point C of the

product cannot differ greatly from it.

instance for(C=4 and ¢=293 faspaotively.

We have for

35



(20)

I also observe that under certain conditions C will
also be a corner point of P,n end the sharpness of the
corner c¢en only slightly exceed ¢ ,

5. We shall now investigate how much the polygon
P%g may fall below P,& + Pg at any point at which the
sharpness of Pk* Péis less than 4. Ve consider two
consecutive sharp points P, end P, of Pe + Pg corres-~
ponding to the abscissae s and s4t. A%t P, and P, the
polygon Pirg cennot fell more than log 3 below Py + P..

d

The polygon P{, - P:3 is made up of perts of P, end P&

between the two points. At the first point it has the
ordinate log |a,|+log |b.| and et the i~-th point the
ordinate of P + Pg is '

(21) log [a,] + log lbslfé ; ,

where the kj are the slopes of P, and P: arranged in de-

creasing order. Ve also amppoaekfor simplicity, that every
peint of Py + Pg is & corrmar point so that some of the
k, eare equal. We assume thet 1 = t gives us the next
sharp point with the ordine te
(22) log |&, | + loglb,hékj.

We now join the two sharp corners with & stresight
line t

y - log la,| - loslbs\=—‘é%||=E (x =z +8)

and the ordinste of the point on this line corresponding
to (21) is

&
(23) y, = log Ia,l+1oglb=\+% e =8

9=t

- 36
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Ve are mainly interested in the difference between these
ordinates which 1is found to be

z ; A
(24) A;_Eks-%_ik 1-1)'21:-121:.

= -1
3 ’ =ik

We went to determine the maximsl velue of this expression.
To this end we introduce the #; by the relation k., = log ¥:

and obtain

(25) (1 - )Zhgah‘ -1Zlog,

IJ—J' " J.tvf

I=i

2 -L
= 108 (}(,ott *("} (/f‘__,.../(J* -
#¢ shall next use the fect that the sharpness of
any corner of P, + Pj' in this intervel is less than 4.

The sharpness (; wes defined by the relation

(26) R 5 Wit SNC 28

or

(27) log A; = log#,_, +log 0y .
From (26) one eassily deduces

(28) Wi = 0. O, sauly. %,
or

log #; = 1og 07 + 108 T5,++ss + log o _+log ft’.
From this relation follows
{(29) Zlogi{;-—- log 67 + 2 1og 0, + ++s +1 logc;

‘:I

+1 (log 6‘:-4_, + wes F 1085;_11 + 1 1084’

and 3
(30) Z 10g4~=log,ﬁj~,, * B LR Gy # mrwiin
J:c’*/

#{t = 1=1) log oz, +(t = 1) log A4,
When (29) and (30) are substituted in (25) we obtain en
expression contsining only the quentities, 0
4, = (1 - %) (log 0] +2 log 0 +eus + 1 logo, )

((t -1 «1) logC +(t -1i-2) 1og6’+..+logr).

re s

£ 3



3%

Since the coefficients in ell of these terms ere positive
we obtain the maximsl value for 2:1.‘- by meking 6;= 0= 4 for
all j. This gives

%.« 518

(3

- 1)
s log

&s the maximsl velue for the difference. Since the polygon

P‘fg cannot fall more thsan 1052___‘_'% below P& + P_ &t the

J
sharp corner points we obtain the maximal difference
i(t - 1) 10g ¢ + log S =3
ol

between P%'a and P + Pﬁ' This result csn however prohably
be considersbly improved upcn., For ¢ =4 8nd t = n we

rind
ol ST
df‘:': log {3.2 7 )) .
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CHAPTER IV.
IRREDUCIBILITY CRITERIA

1. The Application of the Convex Polygon

There remains to be demonstrated the method
for the application of these polygons.
Given
£(x)=x"7A, X" '+ ceestA:
In the case whefe the A are rationel integers, a
rational prime p being chosen, & congruence and an in-
equality may be written for each A, # 0;
A, =0(mod p“) Z0(mod p ")
e [ aglt T
" g L . The points (n-i,a;)(n-1,)
" (indicated by X ) are plotted
and the least convex polygon
is constructed. On any or-
| dinate x= n~i the distance
| 441, 1=1,2,...,n~1 (indi-
| cated byo Jafgﬁg point where
' this polygon crosses the
| ordinate is laid off, where

P 'n-‘:j
il A‘:': lﬂgb (3. 2 : J

- on eny ordinate x =n-i,

1=1,2,...,n, the distance J; + 1 is laid off below the
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point (n-1,-: }{indicated by © ), where
J, = log, (%;)
where t=1+1 for izn
¥ z
t=n-1+1 far izn
' e
The least convex polygon lying ebove and includ=
ing these two sets of points are the limits of & region R
(apper limit polygon — , lower limit polygon — 3. X%
is evident by the considerstions of Chapter III. that if
the polynomial is reducible the product of the polygons
of its factors must lie nn the limits of, or within, the
region R.
If each of the possiule polygons in this region
considered together with the Dumes polygon is irreducible,
the polynomial is irreducible. This theorem will serve

&8s a basis for the deduction of irreducibiliiy criteria.

2. Irreducible Polygons

The most evident forms of irreducible polygons
are the trisngle and th: trapezium none of whose sides
are reducible. These are however special cases of & type

of polygon having one long irreducible side.



Let P be & convex polygon with ome irreducible
slde S. Then P 1s irreducible if
@ pair of parallels L,,L, cen be

| drawn through the end-points of S

| sueh that the polyson P lies en-
tirely within the perallels. If

P is reducible let 3’ be the factor

polygon containing S. Projecting
P’ on 8 parallel to L it follows
that P must contain all other sides
of P. This irreducible polygon will be hereafter referred
to as of type I.
Type II. of the irreducible polygons depends on

the construction of a centro-symmetric polygon. Such a
polygon has an even number of sides, and the disgonals
connecting opposite vertices bimect each other in & point
within the polygon, the center of symmetry. Consider the
convex polygon of & polynomial.
Drew the line AA’ connecting the
end-points of the Dumeés poly-
gon ABC...D&'. wWith the mid-
point ¥ of this line &s center
construct above the line the
corner po nts, lattice points

| on the sides (B‘C’'...D') and

| sides necessary to form with
the existing Dumas polyron & centro-symmetric polygon.

If the upper limit of the polyzen P does not include any



of the corner points or points on the sides of this
constructed polygon, then no fector polygon may have
&8 1ts Dumes polygon a sequence of the first k sides
of the original polygon. By construction

AB/A'B'y BCIB'C'yeu.es, Da'lD'A
Suppose the contrary; that is, suppose AE is the Dumas poly~
gon of & factor polygon P'. Then the upper polygon of P'
since it is to be convex must consist of a line equal and
parallel to AB or lines through A anid B end lying above
AB. This indicates a line in P coinciding with A'B or -
lines through A' end B' end lying above A‘B' which is con-
trary to the hypothesis that the points B';G‘,.r..,znf
are not included By the upper limit polygon of P.

Suppose ABC...D forms the Dumas polygon of & faec-
tor polygon P! Then the upper polygon of P'since it is
convex must consist of & line equal and parallel to A¥ or
lines through A and D and lying sbove AD. This indicates
a line in P coinciding with A‘'D' or lines through A’ end D’
and lying above A'D' whieh is contrary to the hypothesis.

Continuing thus we see that no segquence of the
first k sides of the Dumes polygon of f(x) may form the
Dumas polygon of a fectorda fi(x).

The next step is the application of these twuo
types of irreducible polygons to the derivation of ir-
reducibility eriteria.

3. Po ons of >
The first type of polygon may be placed on the
co-ordinate axes in five different positions, giving

rise to five forms of criteria;
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1. The irreducible side S forms the Dumas polygon.

This is the Dumas c¢riterion.
2. The irreducible side S is the first side of the

Dumes polygon.

Let AB be the irreducible side S
and BC the next side of the Dumas
polygon.

A =(0,a“)_ B=(n-k,a,) C-=(n-2,a,)

It is then necessary to insure that

no point of the upper limit polygon

falls on or sbove the line AB parallel
| to BC.
The conditions defining the irreducible side AB
are:

10 ) (a““ak, n“'k) = 1

2. J ak*‘j La;‘:ak)é -htj : =_1’2’. ee ’n-k-l

The conditions defining the side BC are:

s , Bi=8: ,  8,=8k
k=1 n-k

4. ’ a\_ + J(&K"al)é a“,J J =1,2,¢ . 3k"1-1
k=1

The condition on the remaining sides of the

Dumas polygon is:

B. ) a-L 4= (1- 2)( ak!-?l.léa; i= 1,2,._.- '1 =1

Let O‘}-rh 0“.’ 1“-1,2’-'.’11-1
We now desire to insure that no peoint of the upper limit
polygon falls on or sbove the line AB parallel to BC.

There ere two necessary conditions,
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6.) =,= 8, (a,-a,;)
P%_ a,-a,

1
7. ) oy~ p - A;"f'_& 8p=8. i-= 1,8.- -w .n'l
n-1 n-1 k-1

Two parallels may now be constructed through
the end-points of AB such that they include the polygon P
and the upper and lower limit polygcns. Hence all poly-
gons in R will also be 1ncluded by the parsllels end
therefo~e are irreducible. Therefore all polynomial f£(x)
whose coefficients satisfy conditions l.) through 7.) are
irreducible.

Special Cases

a.) The point B is on the x-axis; i.e., a, =0

~ | la.) (a., n-k)=1

A —-.1 | 2&., _;‘_'L{.a J=1,2,...,n-k—1
< n-k -
i ta. J Dz-..= a, >o
78. ) on =clr A+l
: T e

| | If these conditions are satisfied f£(x)

is irreducible. For example:

xtkx"+)p', n>m,
where (m,v)=1, k #0{(mod p),
voalm=i) ,"’:‘52
oL kLD Ozlcp end p> 3.2

is irreduecible.
b.) The point B is on the x-axis at (1,0)
n 1 1) a,..=0

A ‘eh.) o, = a,.>0

I! ?b.) oly = Op AJ"';:_ 1=1 2 ewe n"l
! . n‘r> n—i t B ’

B | or o, 7{% (8, +1) + ¢,
mEan =




For exemple:;
x "+ kx+ LpY,
where k#0(mod p), 0« k<D

3

ozlc.p, end p> (B.2%

v—ztn—ﬂ

is irreducible.

¢.) The Dumas polygon consisis of but two sides; i.e.,
¢={(n,0)

le.) (a,-a,, n-k)=1

2c.) a, +] (m)sahé Jj=1,2,000,0-k=1

nn=-

3e. ) % > ana-gk

| 4&50.) i(ﬁ)é’_a‘ 1=1’g’--o'k"’1
ke

ée.) «.~ @,2n a,
k

700) OZM-Q/P_A$+1 % 1=l,2 .-o’n"‘l
n~1l a1 k ;

Ir these conditions are satisfied f(x) is irreducible.

For example;

x +kp“x"s1lp’, >m

where (v=u,m)= 1, B L NE
n-m m
0zlep, k Z0(mod p),
Vet = (e ) [t n>
Ockcp el pma) and p> 3.2 %

is irreducible.
d.) The point B is on the ordinate x=1; i.e., B (l,a. )

3d. J 8. ~8, ca. ~a,_,
n-1~1

4d.) &l+J(&£:|l:81)5_ ﬂl‘_‘. Jﬂl,a,.. ’n"'z"’s

5d.) a,+ (1-1 )(ak-a; % 3= 1,80ul %k
=) ;




%6

6d.) «,= a,2_n (an_,-a,;)

n=-2-1
7d.) LS ”dr_d“-f‘l) a8,-, =82 .i 1,2,...,1'1-1
n=-1 n=1 n-2-l

If these conditions are satisfied f(x) is reducible.

For example:

x"+ kpx"slp’

where Touns W Plen ,;
n=-1
k#0(mod p), O(—kapv'l("'“")

and - p> 3.2774

1s irreducible.

3. The irreducible side S is the last side of the Dumas

polygon.
Let AB be the irreducible side S

and BC the next side of the Dumas

polygon.
‘A=(n,0) B=(n-k,a,) C (n-1,a,)

It is necessary to insure that no

A point of the upper limit polygon

e — i falls on or above the line AB parallel

The conditions defining the irreducible side AB are:
8.) (a&, k)zl

9.) 8453_; i=l,2’ccco’k-l
2 0

The conditions defining the side BC are:

10. ) Ia;-aa > ﬂ;‘
L -k k

ll') ak+j(_—_al"l;ah)éah+j J 31,2,0000 ,2-1(-1

The conditions on the remaining sides of the Dumas
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polygon is
12.) &, +(i=2)/ai~a;). 8; 4=2+1,....,0
2 e 78 g =
Let O‘r 2 oty 1‘—'-1,2;-0-:,“"1

The condition is now imposed that no point of the upper
limit polygon fall on or above the line AB parallel to
BC, this is

15.) <~ Ac"*;._(__al"ak 1= 1,2,-.-.“'1
L=k

As before two parsllels may be constructed through
the ends of AB which include all'posaibla polygons in R.
Therefore f(x) satisfying ccnditions 8.) through 13.) is

irreducible,

Special Cases

a.) The Dumas polygon hes only two sides; i.e., C=(0,a,)
| @8.) fer.X)=1
98.) %i&%_:_ lal'B’Iﬁl’k-l

10a.) a.-&: .8
| =

lla.) eL+.j(a,-ag)&ahﬂj =2, Bpen g loR=
n-i

13&.] °‘Jr+ A;“"“l ‘_a:-ag 1=l,2,....,n-1
] =

Any polygon f{x) satisfying these conditions is irreducible.

For example:

X"+ kp“x £1p", n>m
where {(u, n-m)=1, A
n n-m

belm=ile _ o
sl

0+lep, k#O(mod ), O«k<p
n=
and P88 7

is irreducible.
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b.) The point B is on the ordinate x =1; 1.e., B=(1,a,_)
c = (0' ah)
8b.) (a,  ,n-1)-1

gb.) a'.h-r ﬁa.'
n""I 1— i =l.2,...,n-2

10b¢ J &,,-a,,,, 7.‘4," 81—/
n-n

lsb. ) o(r_/_ d&"fl e H.,,-a 2 —4 1 o l’a’t - 'n-l

Any polygon f(x) satisfying these conditions is
irreducible,
For exeaumple:

x"+t kp“x+lp’

where (u,n-1)=1 b 21_ ’
¥ n -
_ v-2 (w+)
Ozlep, k#O(mod p), Ozkcp
and P> 3.8”1/‘}

is irreduecidble.
¢.) The point B is on the line y =1; i.e., B=(n-k,1)

90.) 1155 1=18'IC.’k-1
BT s

110.) 1+ J(at -l)f_-ak_u- j=l,3,.-.2-k-1
l-E

12¢. ) al+(1-2)(a;-1)z_-ag B S [
I-E

150.’ 9{” +‘Ai Léa&"l 1'—'-'1'2’... ,n-l

s
i L=k

Any polygon f(x) satisfying these conditions is irreducible.

For example:

e

x"=kpx +lp

v -



where I 0<lep,
n-m

=1

k #O(mod p), O<k<p
end p?:i.zmz*

is irreducible.

4. The irreducible side S is the first side of the

upper polygon.
l Let AB be the irreducible side S.
2 A=(n,0) B -={n-k, o)
HEELTE] | In order that parasllels may be
drawn through the end-points of S
f which will inelude all possible

| polygons, the ¢ ndition must be im-
posed that no point of the upper limit polygon shall fell
on or above & line parzllel to the x-axis and through the
point B/, the lower limit point on the ordinate x- n-k.

If ~. 1s the maximum of the numbers o<, ,,eeee %,
the condition that no point of the upper limit polygon fall
above the line through B' is
14.) o=t > (dpra; )(ﬁ) 1= Kkrl,ee.,n

The condition that the side AB be irreducible
for all possible polygons is k=1. Therefore 1l4.) becomes

<y = e >(1 +A£)(n-l) £ 3 A TE
i=7
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Special Case

ko

k3
I p> 8.2 > Ay =R

g o, -"zr-) 2{!1"'11

—— = — ] -

& or o > 2(n=1) +e
This condition expressed in terms of
the coefficients is

. 14,159 | &

'hQI‘B \Ayl?_“.g'l 1“‘2"0- ’n
Or it may be written
\a.)> p

where P >5.Eh% ’

BRI {9 8 (IS PR

It must be noted here that this is similar in form to

Perron's criterie (pp.21-22).

5. The irreducible side S is the last side of the

upper polygon.
' Let AB be the irreducible side S
A A =(0,24) B-=(n-k,%)
Fad In order that parallels may be
9' i drawn through the end-points of
c S whieh will ineclude all possible
polygons, the conditi.n must be

imposed that no point of the upper
limit polygon shall fall on or above the line B'C’ parallel
to AC the first side of the Dumas polygson and through the
point B’ the lower limit point on the ordinate x= n-k.

The condition defining AC is



ls.J L+ J( "‘al>£_ a..z* J 12,-...“‘1 1
n=-)

dvn= B,
The corndition that no point of the upper limit polygen

fall on or asbove B'C' is

<k q.o/,-> d‘-..c-fjkslﬂ 8.,=~8, 121.2...¢.k-1
k-1 k=1 n=1

The condition that the side AB be irreducible for all
possible polygons is k=n-1l. Therefore

16.) oy ¢ -"‘{r} he+F 3".8,-a; 1-‘— 1,2,....(!1-2)
n- n-i-l n-2

Special Cases

a.) If =.-a, =0 this becomes

16a., ) o<, =o4 B
n=2 n-i-I

h

b.) If in eddition to -+, -82.:=0, p>3.2

o;=1 and we have

16b. ) o(..,_'> 4(13-8) +

In terms of the coefficients,

o7
it | &) <P s P>S.2
and | A, )> pﬂh_” el
where | Al 2 \a;) 1=1,2,.0., (n-2)

then £(x) is irreducibls.

4. Polygons of Type I1I.
The application of this type of polygon leeads

for the greater part to theorems concerning the numbers

and degrees of possible factors.



1. The Dumas polygon consists of two streight lines.
The Dumas pelygon is defined by
the points A= (0,8, ) B=(n~k,a;)
C=(n,0). The centro-symmetric
polygon AB/C is constructed. The

. oondition must now be epplied that

. the upper limit polygon shall not

include the point B'., The line AB is defined by the con~
ditions:

%) w3 a,-ai)ﬁai*j §=1,2,...,0-k=1
n-

The line BC is defined by the conditions:

2.) 84 ,8,-8
B CTRE
3. , %‘ f‘-%-i‘; 1 = 1’2'. .s .k"l

The point B' is (k, a,-a,)
If the upper limit polygon is to fall below the point B’

all upper limit polygon points must fall below a line
through B'.

This is the line y=a,~-a -m(x-k)

-
Therefore the conditicn is

ol; «8,~8, ~n(n-1-k)=1l-max s 5 IF. ORI
or

4.) o« 8.-8,.,8+ (f+k]-1-4,,
n

1f (a,-a,,n-k)=1 and (&,,k) =1; then f(x) is irreducible.

52
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If (a,~a,,n~k)= 1 and (8,,k) -e, then f(x) 1f reducible

has one factor of degree N~k ..k and one ore more fagtors
e

of degree ¢ k where £1s one of the number 1,2,...,&-1.
e

It (a,-a,,n~k) =%t and (a,,k) -1 then f(x) if reducible has
one or more factors of degree

and one or more factors of degree , n-k when 7 1s one

of the numbers 1,2,...,t=1,
If (a,-8, ,n~k) -t and (a,k)-e then f(x) if
reducible has only fectors whose degrees are of the

form +n=k , -k where 7:0,1,28,,000s,%=1
t e

&:0,1.2,.-...,0-1
That is, it may not have facbors whose Dumas polygons are
the lines AB,BC.

Special Cases

nr,

e
el L €.) If p>3.2 » &:41
If slso the point B lies on the
ordinate x=1; i.e., B=(1l,a,_, ),

2e.) 8., ca,-a,._,

&. J a‘h-w“ ‘,&‘ 1= 1’2,... 'nﬁz

4&. ) 01._' 4-28». -a.,‘_, "2 -+~ ..5, (1—1’

n

It (a,_, sn~1) =1 the polyncmial is irreducible.
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b.) If the point B=(1,1); i.e.,
a2, =-1and p>3. Bm‘/“ s the further

. eonditions under which the polynomial
is irreducible are:

25.) a.22X%

Sb.) a-?_l 1':1'2,-0..“-2

<

4b.) '?(‘,' = 2&,,-5,.:-5_3 (1-1) 1= 1’2,.'- ’n
n

Thus all polynomials of the form

x"t kpx +p'm v>3
L4

where Kk #O{(mod p), s«ck<p »

3

m#Z0(mod p), occm <p”

»Ye

and pP>3.2

are irreducible.

The Dumas polygon consists of three straight lines.

The Dumas polygon is defined
by the points 4 =(0,8,) B=(n-k,a;)

\{' C=(n-l,a,) D=(n,0), The
\\\\\ centro-symmetric polygon DB'C’A
Ny | Nl
‘}‘\' A\'3 ' 1s constructed. For simplicity

| of algebraic expression let us

suppose that the sides AB, BO,

> JCD are irreducible,
| fa,~af ,n~k)=1
(a, -8 ,k-2) =1
(2,,2) =1.

The condition must now be applied thut the upper limit



polygon shell not include the points B! and ¢'. These
points are B':=(k,a,~a;) C'=(l,8.-2,). The line B'C is

v- {k-l+1l)a,-a; (x=2)
(k-2

Therefors the condition is

5. ) (k—14-1}a ~8k (n-i-?)-l-max &,
k-1 :

Then f(x) has but two factors if reduciblejone of degree
(n-k +2) and one of degree (k-?) whose Dumas polygons

are AB+CD and BC respectively.

5. Numerical Cases

Fuarther application of these polygons to
derive algebraic criteria does not seem advisable since
they are so complicated in statement.

The application in numerical cases will how~
ever frequently show that the polynomial under consideration
is irreducible since closed convex factor polygons cannotb
be formed from the sides of the polygon of the polynomial.
Lo For example: {(x):
x"+ (p%p)x*+ (p7+ p* )x%p;
p>3.2 % s irredusible
since it i1s impossible to

decompose any of its possible

polygons into closed convex

factor polygons.

Eo also is:




f(x)-x"2 (p".p)x*
+p* where p> W
irredueible for the same

reason.

Two otlier farms of irreducible polynomials are:
a. ) flx)> x"+kx*= lp""'

1lv-2)

where 0 <k <p s k #0(mod p),

»e

oAZLp and p> 3.2

is irreducible. The pdlygon is of type I, case 2a.)

b. ) flx)=x"2kp x " "2)lp"
where m=2m'+1,
v24(n-m)+2,
’%v-a
OQ<kcep s k#O(mod p),

i/
0 <! <p end p>3.2“4

is irreducible. The polygon is of type I, case 3a.)
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ADDENDA

- 1. Abstract

Instead of the open Dumas polygon usually
applied for the deduction of irreducibility eriteris,
a closed convex polygon is introduced, depending both .
on the size and the divisibility properties of the
coefficients., For this polygon an approximate multi-
plication theorem holds and this may be used to deduce
irreducibility criteria depending on the size of the

coefficients.

2. Report presented to the American Mathematical

Soclety, March 30, 1934

In 1906 Dumas applied Newton's polygon to S

deduce irreducibility criteria. This polygon for

£(x)= X"+ A, X" % eeeet A,
(A; rational integers) was defined as the least con- i
vex polygon lying below and including the points

P =(n-i,a;)
where a ¢ 1s the highest power of & rational prime p M
dividing A;. The product of two polygons was defined
as the polygon formed by laying off the sides of the

factor polygons in order of inereasing inclination.

Dumas proved for these polygons a product theorem:



b#

The polygon of the produet of two factors is coincident !
with the product of their polygons. Hence if the poly-

gon of a polynomial cannot be broken up the polynomial

is irreducible.

In applying the Newtonian peolygon to functions

of two variables i

r(xﬂ‘-g; 8, xy’
if the points (1,j) are plotted we obtain e closed
convex polygon, the least polygon including all of
these points. A similar product theorem can be shown
for these closed polysons.

Returning then to the consideration of f(x)
it is possible ta ffite f£(x) in the form .

r(x1=§0 ,z., x' p’
where the coefficlents r,, eare all less than p. Then
the plotting of the points (1,j) will again define a
closed convex polygon, the lower sides of whieh coincide
with the Dumas polygon and the upper sides of which
are dependent on the megnitude of the absoclute values
of the coefficients.

It is found in so doing that such an upper
polygon exists but thet when we consider a product
theorem the upper sides of the polygon of the product
P¢, do not necessarily exactly coineide with those of
the product of the polygons £k+P3 . This is due %o
the fact that in the process of multiplication the

summetion of terms containing like powers of x may ‘

cause the increase or decrease of the powers of p.



It can however be shown for this upper poly~- Y
gon that if a polynomial is considered as the product
of factors, f(x) and g(x), the product of the polygons
of the factors P,+P; lles on or within certein limits
about the polygon of the product Ps}' That is, we plot
the points defined by a given polynomial and construet
its polygon Py o On each ordinate we then lay off
certain distances, dependent upon the abscissas, above
and below the polygon, and construct the two polygons
lying above and including these two sets of points. >
The product of the polygons of the factors Py P; then
is one of the polygons lying on the limits of, or within
the region defined by the two 1imit polygons. =
These limits of the upper polygon have been
proved for all polynomials whose coefficients are real
or complex numbers. The point defining P3+P§"on the
ordinate x:- n-1 may 10t lie more than 103(3.2‘“““)
above and not more than log( ¥ +1) below the polygon Pg: -
when this is defined by the points loglA.(. From certain
considerations noted in the use of this method, I feel
that %hese can be improved.
The proof depends on the Fonaidarntion of the
sharpness of the corner points of the product of the -
polygons. Here sharpness of a corner point is defined 4
as the ratio of the slopes of two consecutive sides of
the polyzon. It is shown that for corner points whose
sharpness 1s greater than or equal to four the point 2

of P*Lpﬁ end the corresponding point of Pgs cannot



differ greatly. For a corner polnt whose sharpness
is less than four the previously steted 1imit is found.

Applying these polygons to the deduotion of
irreducibllity oriteria, we find certain types of poly-
gons which are irreducible. The irrsducibility eriteria
thus derived are algsebraic in form similar te those
given by Perron in 1907 but more genersl.

First, suppose that P is a polygon with one
irreducidble side 8. If it is
posaible to find & pair of
parallels L, 6 ,L, through the énd-
points of 8 such that P lies

entirely within these parallels,
] I then P is irreducible.

Second, ccnsider the convex polygon of a
polynomial, DUraw the line connecting the end-points
T 1 of the Dumas polygon { 2D ).
|| i Considering the mid-point K of
this line as center, construct
above the line the corner points
end sides necessary tc form

with the existing Dumas polygon

a centro-symmetric polygen ( Be’').
If the upper limit polygon contsins none of the corner
points of $:is constructed polygon, them no factor poly-
gon mey bave as its Dumas polygon & sequence of the
rirst k sides of the original polygon.
If under the azbove conditions the Dumas pelygon
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has but two sides contuining no
lattice points, then r(x) is
irreducible.

'| If it has but three

sides 8, ,5,,5,, each crossing no

. 0 L e % L
l ) o =0 1 lattice points, the only possible

faetor polygons are those itwo having as Dumas polygons
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