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PREFACE 

The Newtonian polygon occupies an important 

position among the criteria used to determine the 

reducibility of a polynomial f(x). It is pro-

posed to extend the u~e of this polygon in order to 

develop certain oriterie dependent upon the ab solute 

velues as well as the divisibility properties of the 

coefficients. 

In the 1'1rst part r.111 be g1 ven a historical 

outline of those theorems end generalizations which 

nave been shown to depend on the above mentioned 

polygons. brief revie,, of other types of criteria 

will also be given. 

The ~e tonian polygon ·s de:fined by ~umes is 

then extended to one of ol osed convex r orm, tl1e upper 

sides of ~hich are dependent upon the absolute values 

of the coerr1c1ents. The study of these polygons 

leads to an approximate multiplication theorem. The 

converse, the decomposition of tbese polygons, leads 

to certoin criteria or irreduc~biltty. While these 

are algebraic in nature they 111, in general, be 

stated 1n geometric form, with elgebraic formulation 

for certain specific coses. 
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CHAPTER I 
HISTORICAL INTRODUCTION 

l 1. Earliest Theorems on Irreducibility. 

Given t~ polynomial 
.,, ,.,, _, 

f{X) =- a X + a ,:-,.. .• . -1- r. Xr a ,,, 
0 -· 

where the coeft1o1e.nts c 
O 

, a, , ••• ,& ,., c.re rational 

1ntegers. It is frequently necessary to decide 

whether or not there eAista a oeoompos1t1on, 

f (x; = f , (x) f) x) ••• r ,. l ) 

where 

the ooeff.iciants b61 are rational integers and 
r-

ll,: = n. 
~=o 

Among t he methods of deciding this question hich may 

be completed in a f1 n1 te number of steps are those of 

1. Ore, "Uber die Reduzib111tr. von algebra1scher 
Gleichungen. ° Chr1st1an1B Videnskapsselskapets 
Skri~ter. Pt.I. (19~3) #22. 
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Kronecke~, Rung3e, and Mand\. Since these calculations 

are exceedingly long ana tedious to manipulate, it is 

natural that criteria dependent upon the coefficients 

should be sought. 

h 1 ""~ t r "" h .. 5 Te earliest or th s type was tw:i o· oc onemenn; 

Theorer. : Gi en 

f ( X } =- t( X ) -+ pM ( X ) • 

Then f{;x) is irreducible if 

· (x) /. J (~odd p 4J l"tV, 
f<A ) is p-!me function or degrees, and i(x) 

is of degree less than st. 

Schouemann • a theorem wes ro !lowed 1n 1850 by 
6 

the t or .... ieenstein. 

Theorem: Given 

f(xi ' , 

2. 1:roneoker, "Uber die Irredu c:ti bili tat v on Gloicbungen" 
Monataberichte, Akademie der ,iGsenscheften Berlin. 
{1880}, l&r-162 .. 

3. Runge, "Uber die Zerlegung gnnzer ganzzahliger unk-
tionen in 1rreduct1ble Fac:toren ." Journal fur 
:ti a themntik. XCIX ( 1887) , 89- 9 7. · 

4 . andl, "Uber die Zerlegung ganzer ganzzahl1ger ·unk-
tionen in 1rreductible Faotoren." Journal ~r 
};.athema tik. CXIII (1094), 252-261. 

~Eine Methode zur Zerlegung genzer genzzahl1ger 
Funktionen in irreducible actoren." Jahresberichte 
der Deutsche Mathemstiker Vereinigung. IV (189?), 
~"-96. 

5. Sobon'- enn, "Grundzuge e1ner allgemeinen Theorie der 
~5teren Congruenzen, deren 1 odul e1ne reale Primzahl 
1st. " Journal fur N.athematik. XXXI (1845),269- 325. 

0 Von denjenigen odulc. , \,elcbe 9tenzen 
von Pr1mzahlen s1nd." .iourn ... l :ur I athemat1k. 
XXXII (1846), 93-100. 

6. Eisenstein, nm,er die Irreduct1 bill. t.Ft und einige 
a.ndere E1gen~chaften de Ole1chw~u, von welcher die 
'l'i.eilung der ganzen lermisoote abhangt." Journal 
f~ir t.~athematik. Yi.XXIX (1850}, 166. 



where the coefficients a i are rotio1 .. ul integers, 
• ..L I'\ 

'>\. r "' • 

If a .: = O (cod p ) , (i."' 1,2, ••• n) , 

end a., i o (mod n ... ) ; theu f ( x) is irreducible. 

'11h01. th<19 theorem of Eis one tein is a. epec1al case 
7 

of Sohc~em~un's theorem is apparent when 

f ( ) "'" x.f,-_ , M(:x) ::c. b , :x"'-~ •• • + b.,. 

2. Generalizations of the TheorEJU of' .E1.aenste1n. 

appear. 

Not until much later did any further theorems 
'8 

:onigsberger in dis first pap. r l'.'ives 11 ttla but 
9 

results, but his second c~ntains proofs fort o theorems. 

Theorem: Given 

••• t n-1}, 

anQ (r ,rd = l; then f (x) 1 s irreducible. 

Theorem: Given 

f(x)-=e. ., 
w .,..._, 

X -+ &., X + • • • -1- 8. ., • 

If E. 0 ;t'O{ od p) i: o(-oc q), 
e ( ::=::> _. ,,,.c:.~J ~6:!) .,.,.c:. ff;) b 

f'..::P Ii ,:, (1~1.~, ••• n-1), 

rl, = p ,...~v b" b,. :/O(mod p) </. O{mod q), 

l7here n 7 cr, (1 ,ll")-= l, p end q ere two different 

rat io.u.-1 ;,rimes, and the symbol ( ;· ) ind 1cates one or 

7. Schonemann, "Uber einige von Herrn Dr. Eisenstein 
aurgestellte Lehrsat~e irreductible Congruenzen 
betrerrend." ,Tournol fur i!athematik. :L(l850) .1aa. 

8. Kon1E: sberger, "l t .,r den Eisensteinachen -'"'tz von der 
lrreduotibil_t~t algebra1scher Gleichungen." 
_fil.tzungsberichte, Akademic der .issenscho~ten 
Berlin. (lsg4) Pt.2, 11~5-1139. 

9. ii.on1gsberger, "Uber clen Eisenste1nschen Satz von der 
Irreduct1bilitct algebraischer Gleichungen. 
II})urne.l :ur I eth matik. G:XV (18~5), 5:3-78. 

3 



zoro eccord1ng as r 1s or 1s not divisible bys; then 

t(x) 1a irreducible. 

fonigsberger proves these statements by analogy to 

certa 1n theorems in .. u.gebraic funct1 ona. He sets up e.n 

equation ~hose roots are powers of those of f(x). This 

equet1on is reducible simultaneously with f(x) and the irre-

ducibility of the ne~ equation oan be sho,m by the theorem of 

_1senste1n. 

Netfo0 gives several theorems concerning the number 

and degrees ot possible rectors of certain types of polynomials. 

Theorem: 

f(x) 
?, ,._, 

~1,..a,i + ••• rP" . 

( 1 =- l, 2, ••• , o< -l), 

b,., t o(mod p1 and n > 2 ~ ; 

then f (1.) has no !'tH~·\,ors or degree less then oLt- l. 

Corollary I: If n 2o£ + 2; then r (x) can have only two 

irreducible factors both of degree ~+1. 

Corollary II: If n = 2 <>< +l; then f(x) 1s irreducible. 

Theorem: Given 

( 

.... I),,~ f .X) = X ll, X 

If a,-=-Pb. t (1-..0,1, ••• , n-2o1-2), 

li::: )l-2 °'- -1, •• . , rJ-0<'-l), 

( 1 ::. n- tX , ... ,. n) • 

b,, i- o (mod p) and n > 3c:,l ; 

10. Netto , "Ober die Irreductibilitat genzer ganzzahliger 
FUnct1onen ." ~athematische Annalen. XLVIII (1897) 
81-88. 



then t(.x) ce.n at most have two factors, the degree of 

one being not less than 2oJ..+ 2 and that of the other 

not less thee oo'rl. 

Theorems g 1v1ng criter ia for polynOllliels hin h ere 

either irreducible or have 1ITeduc1ble factors of degree 

n-1 or n- 2 are also included in this paper. 
.. ll 

In 1900 Kon1gsberger gives a more general criterion. 

'l'heorem: "11ven 
sv.) 

f ( :x ) = z ., -t- p ;r,._, e ,.,_, 

"(i\ 
+p o z. '..E,. 

where p tnd q ~re to different retioncl '!)rimes. 
C <.,) [ P1/" J (. 0,1 ] If oll', .=.e, ( ,.-~,) ')'• +(1- o" (Jr ,- 'rL) ;' f ,.. I 

i):: :;e[c r-v- (1.) ~. J o.- e. [j r ... -'(,.')~] ~, 
~e[c v-- 'td -f ] o< C. ,r - ¥)-f ] + I 

according as e is or is not an integer, 

!:. 0 -! (mod p) j O(mod q) 

· i ' -i "'(mod p) , <Jo .. i o (mod q); 

then r(x) 18 irreducible. 
12 

ere 1rre-

Bauer's extension of tbis theorem mode it applicable 

11. Konigsberger, "Uber die EntwickeJ..mgsform algebraischer 
Funct1onen und Irreductib111t;it algebra1soher 
Gleichungen." Journal ~b- tttthemet ik. CXXI (1goo), 
320-359. 

12. Bauer, "Be1trL£ zur Theorie der 1rreduz1beln Gleichungen." 
Journol ri.ir Jathematik. CXXVIII (1905), 298-3>1. 



fbr any number of Drimes. His proof depends upon ideal theory. 

Theorem: Given 

f(x) =- ,.""+ a 
• I -

_, 
+ •• • + s. h . 

r 
If' l) l = \I s .. .. ,. r "'!"" the r. ~ are all relatively prime, 

p 

2} a.= \1 
i : t 

r,.,,,~-1°.,. I 
: .: here tl:.., °"s are ,1os1tive 

'<i:' 
integers :;;uch tho.t ( o11 , Y'ls ) = 1. (The symbol (..§..> denotes 

the largest r ... i.ionel integer less than or equal to • } 

3} (C p / t 
0 ... ' Pr- rre different 

rational pr1iae1.>; then f(x) is irreducible. 

All of the previous theorems are included in one 
13 g iven by Perron who makes use of two auxiliary theorems from 

ideal theory . 

1. A rat1!>nel prime can have at most n prime ideal 

f otors 1n a field of degree n. 

2. A rational prime can only be the nth power of a 

prime ideal it the degree of the field containing the prime 

1e divisible by n. 

Theorem: Given 

f ( x) =- r " + a , x ... -.:.. . . • e ., • 
.,. 

r:r r. = 'It" 
• Sa, 

C t 
h 

C.' C, 
(1 ::1,2, •••• .. 

( C i,, , !:. ;,s ) = 1, 

n-l), 

and the r +l n ..lulbere u, .,,.;, , e,,<2 , ••• , °',. , have no common 

divisor; then ~(x) is irreducible. 

Perron extended tbis method to certain other theorems on the 

number and the degrees or possible factors, including a proor 

of Netto•s first theorem. 

·13. Perron, "Uber eine nwenduru:; aer ·aeeltheorie euf die 
Fr;i~e nacb der Irreduzib1l;ti:t elgebra ischer 
Gleiohungen." .Mathema t1sche .tu:malen. LX (1905), 
448- 458. 



14 Ore .turther e, .. tended the e theorems to reduo1b,.11t:v 

1n bil a~bitrar y aleebreio field. usin the prime idebls -ts 
in p l e ce of the primes p 5 • 

Theorem: G1 ven 

.. 

uhere tta c ~re integers i n en algebraic field K ~~ }. 

It t.· = Ti +r :_~·b. 
a. 5-=- 1 i-' S J t 

(b ., , Ti -frs ) :. 1, 
S.•• l 

(1..-1, 2 , 

-:/J,' ?J:u 

• • • 'n ) ' 
• • • , 71,. tre prime 

r;;::i 
ideals. _ere ,~. indicates the rational integer next 

greater then ,a.. 4.. .... 
it' b is not integral ana -.:- if it is 

integral. It n, o1, , cL2. , ••• , c1r have no coDlillon factor 

r(x) is irreducible. If e is the greatest common factor 

of n, ..t, , .,..,.2 , ••• • o1.,. and 't is one of the numbers 

1,2, ••• ,e; then t(x) con only have taotora or degree 
y~ 

m .,,. c • 
In the rational f 1 e ld th 1s reduces to a theorem similar to 

tbe.t of Perro.1 but imposing more st1·ingent conditions. In 

llhis same paper Ore adds the theorem; 

Theorem: Given 

f{x) .Pl. .,. 8,. p. 

If "-,, o(mod p); then t(x} will be irreducible in all 

a l gebraic f,ields t ~ ) in hich p does not divide the 

discriminant 01 ~. 

3. Generalizations of the Theorem or Schonemann. 

The first such th eorems ore given by 

14. Ore, tt1 oe1 die Iledukt1b1litct in algebraischen 
ZShlkorper.n." Norsk ~!a"temn tisk Forening Skrifter. 
(19~). ser.l, wg. 

7 



15 
Ki ban. 

heorem: 

r(x) 

ivo the nolynom1 1 

,., >°'- , - - ' -:::. ""' + C ; . ( X +. • • .,. ~-, .... 1) f- . ..,. ,.. ... \i, .. - • 

If ~.,,_, ... (mod p) i,t.J. (mod p,; tihen f (%) 1a 

irreducible . 

Theorem: n1ven ttic "''>lyno. iol 
..,._ ... 

c..,_ ... :r + 
' ,.,_., 

( c,._~ _ + • • • ..f- C 1 .. :t. l ) , 

here c,._;i "' (mod J;} -;J ±. l \mod p ). lf no root or this 

polynomieJ. itJ oqufll to ± l; the polynomial 1s irre-

ducible. 

The r~xt theorem, a more direot genersl1znt1on , 
16 we£ proved by Beuer 1n 1905. The proof is co~ploted by 

means or 1doel theory. 
l t Lo<. i'heoreo: Given '\c¥:) c:Q c~) + r'-' Mlle.) 

It 1; ~ {Y) ls~ ~r1~e function (mod p) of degree m, 

2) ( .. J ~ • = l, 

3) tbs de rea ot U( ) 1 1ess t.hsn mt , end 

4) U{ , i :( odd p, <fl : ;) ; then r(x) is 

1rreduc 1 ble. 

This tl1eorem as 1nolu<1ed in nore general one 

by o~Z. 
Theorem: 1,•t.: .• 

:s. -- e· ..._ r(x) :::.1 1 .. . (x) '+ .. ) (z), f(x) of desrec n. , .. , .. 

15. !Ll c.i , "Uber cln1ge irreducible Polynome. .. ; r._r uch 
·~ ..... r d 1c Fortschr1 tte aer ~ethe=iatik. _o;.: (l"!" :.Tr,100. 

16. Bauer, "Ver· 11 .. eme1nerung ein&s SAt2es von cb ~s..... ... 1:mnn. " 
.ournol. .lu!" u.the~tU... VIII {1905), 8"1- u~. 

17. Ore, "'Uber die Reduzibil t ·: von ol ~braischen 
Gleichungen.~ Cbr1stiun1u V1don~kap3selskapets 
.§J.s!.1.ftcr. (1923)1 Pt.r,~,2. -



If 1) L • 1. 
{x) is a prime 1·unoti on of degree n , 

2) (e i: ,~ ) - . . ' , 
3) the r1eeree of M(x) is less then n, and 

4) M(:x, i 1
• (modd p , f : (x) ); then f (x) con only 

where ~ .: is one o! the n.1mberw 1, 2, • • • b~ • 

For s = l end (e, ol. } 1, th is 1 s the theorem ot· Bauer. 

Ore also indientes that this theoreL .,_., be gener~lizeC: 
,....!. e,: ,!:.. ~· 

to the case where f(x)= _11 f . (y) + kM(x) , k=:11 p. 
'"'/ ,_ d:::,, ../ 

and st~ tes this theorem for ttic \,a .. e oJf s = l.. 
r LoL.; 

Theorem: Given ~c¥-") -= fc')(.') ...-y, rJ M lx.") 

If l) ~(xj 1s pri~e func~;vn of degree m, 

2) (e, o1, , d,., ••• , o<'v-) = b, 

3) the degree or H(x) is loss than em , and 

4) M ( x ) ¥ O {modd p J cf) (x) ); tr.0 1: f(x) 

can only have factors of degree e. r = }. b ..... where 

k is one of the numbers 1,2, .•• , b. 

4. The 1~ewton1an Polygon. 

'!'he Newtonian polygon of e polyn0m1al is defined 

as the least conTex polygon lying on or belo~ the points 

,:,.: d.ofined as lollows: 

Given f(x) = ,,, 
:i: ,.. a .... _, 

I 
+ •• • + 8 ..,. 

If' b, f o (mod p ) ; 

then P ,· = (n-1, ""· ). 

, 

In 1906 numl~ proved that the polygon of e product oo1no1des 

18. Dumas , "SUr Luelques cao d'irreduct1b1lit6 ues 
-polyno s;: coefficiento rstfonnels. 11 .1ournal 
de t.iatu~ut i':l.uea. ser. G. II (1£t0u), HH-256. 

9 



with the product of the polygons or the factors. Here 

the product of two polygons 1s defined es the polygon 

rormed by laying otf the sides of the re.ctor polygons in 

order of increasing 1ncl1nat1on. Hence if the polygon 

of a polynomial 1~ a straight line crossing no lattice 

points, tbe polynomiel is irreducible. 

If a polynomial satisfies the theorem of 

Eisenstein evidently the polygon wi 11 be the straight 

line (n,O),{O,l) Tihioh contains no lattice points. 

If the o ondit1ons of ·onigsberger' s theorem ere 

satisfied, the polygon will like ise be a straight line 

(n,O), (O,r) containing no lattice points since (n,r}: l . 

Suppose the Uewtonia.n polygon of t(x) hes the 

sides s, , S.2. ••• , 3 ,... whose l)roJect1ons on the x and y 
axes are reepect1 vely l, , 2 , ••• , L ... , k. , , 

The slopes 01.' the 

It' ( k .. , L, ) = e 

sides can ther be 
~· 

tan z = i: 
t heri k : -:: e ; >e~ , 2., 

d(.: 
tan <Qt= ,\~ 

indicated by 

= e. A .. nnd ' 

Dumas' product theDrem then ~1 es the theorem: 

Ir ... ,. """. 

Theorem: t' (x) can have t'ectars of degree r only 

when r is or the fore 
"" 

r 4~ A;, ..... , I 

where y.. 1s one of the numbers 0,1 , 2, ••• ,e ; • 
19 

Iurt,,angler states a similar the11ran in the 

19. F~rtwangler, "Uber K~iterien '!'ur irreduzi ble und .r-·~ r· 
primitive Gleichungen. " atnematische .Annaleu . 
LXXXV (1~22), 34-40. 

/() 



form: 

Theorem: Given tt>e nolynomial 

t( ) 
.,,, e, ..,,._, e,. _, e.., 

X = t' 0 X +p B,X + ••• + 'P e. ,._J X -1- p a ., . 
:where a,;/. :> (mod p). 

) . et e ..,. _i.. ( ) l If the posi't ive rreotion-;:-.::::. T 1 1.2 , ••• ,n ; 

then f (x) is either 1rreduc 1bls or if reducible can 

\ ),- k ( have fa.otors only of degree, -:; +;4' • t-: e ,._i. ,n-k), 

A and f- ~re integers A> o, O ~';:: Jt. 

2) If (e -n - k ,n-k) = l; then r(x) 1~ reducible he.s one 

factor whose degree is at least k. 

5) If k.:n; then :f'(x) if reducible can havo factors 
ri only of degrees ltl.1oh ere mul t1ples of' t where 

t = {n,e ... ). 

4) If k -:: .i end (n,e., )=l; f(x) is irreducible. 
.. 20 ~urschak's paper published in 19L5 defines e 

more general type or polygon giving a generalized Dumas-

Eisenstein theorem. 
21 However in the same year, Ore e,:tended the 

def1 n1 tion of the Newtonian polygong to completely general-

ize the Schon~mann- E1senste1n theorems. 

G1v en the polynom.1el, 

( ) 
'l"I lo-' f = x + A,x -'- ..... f:r.., _, z + A,,,. 

Choose p a rational prime and qJ {x) f. prime function 

(mod p) whose degree mis o divisor of n. f(x) can then 

20. Kurschak, 19 Irreduzible Formen. " Journal !Ur ~eth -
ematik. OLI!(l923), 180-191. 

21. Ore, "Zur Thaorie der Irredu zibili ti! ts-Krei t erien." 
11 athema tische Zeitschrift. XVII1 (1923), 2?8-288. 

II 



be r1tten 1n the f ort1: 

f(x) = to a; i (x)p ~ , f:. (x), 

here r. / (mod p), and • . (x) 1s et most of' de ree m-1 • .. 
It the points P ,- = {s-1, o<.:) are plotted, a Newtonian polYgon 

oun be constructed. From this :polygon Ore derived the 

general theorem. 

Theorem: Given 

f(xl = a 0 ~" (:x) -4- a, , (x) fi.-(:i) -1-••• -1 e "" -1. ..., (:x). 

rr l) cf' (x) 1s e vrime functi~~ (mod p) or degree~. 
17P ,. 

2) C~-=- r,l. ;; l>~• £1 " =- ~ P , 

...z"-/, C'(~ od p), ... =i c(mo<1 :p), 

3) the deg't"ee of .., Jx) is at most m-1, ond 

4 ) ~"" ( x) f O (mod p ) ; 

then r(x) can only heve factors of degree 

t Y' -: U e I 

:: (n,r) and. 'i" 1s one of the nur:;,bers l, 2, 

• •. ,e. 
5. Criteria Dependent Upon Values for Intesel lirgument~ 

22 
In 1goa Schur proposed the ~Toblem : 

When are the polynomi als 

...:
1
{> J = {x- ~ , ) (x-c. 1- ) ••• {:x-a " )-1 

! },. (x) =- (:x-E4,)(,.-a .. J . •. (x-e .,. ) -+- l 
' 

reducible or 1rreduo1ole in the rctional field? 
23 

22. 

23. 

estlund sho ed that , (x) 1s al ays irreducible 

Schur, "Problem 226-. '' .Archiv der uthematik und 
Physik. ser.3.XIII (~f=9=03~),~3=6=a~.-------

,estlund, "On the 1rreduc1b111 ty of 
nomials. " Im er1 can l athemat 1cal 
( 1909) , 66-67. 

certain poly-
onthl):• XVI 



end that f L(x) is reducible only if it is a perfect 

square. 
24 

· 1;~._el in solv1~· tt1e problem set by Schur gave 

the ~ore complete solution that~ , \~) is always irre-

duo1ble and ¾(Y) is reducible o-ly in the two cases 

( x-a) (x-o +2 )+ l =- Dx-n ... 1 )] 

(x-a){x-c + l)(x-c +- 2)(x- c + 3} =[ (:,--e}(x- r + :, + 1] 2. • 
25 

In the ssr.c }~er Scrur ae~ & eeoond problem: 

Sllo thet t 1 (x) ::: (x-c , ) (x-c; d •.. (x- r.. ., ) f- l 
'I- 'I- .,. 

f {l") = (x-a, ) (J -a J ... (:x- t ., ) .J.- l 

are irreducible 1n the rational field. 
26 

A taw years later ~tackel considered rational 

integral tunct1ons taking prime values for 1ntegrel 

arguments. He made use of sevorel auxiliary theorems. 

There is no rati onel integrul runct1on r.bich for 

in~egrel erguments represents only prime numbero. If a 

_tunction represents an in~1n1te number of primes it 1s 

irreducible. A reducible function of degree n can et 

most represent 2n primes when integers are substituted 

for x • Therefore when k exceeds some arbitrary limit 

f(k) 111 represent only composite numbers. 

Finally, every rational integral function r(x) 

defines a reloted positive integer S such that t(x) 

24. 

25. 

26. 

I'lu el, "Solution of a Problem by Schur." .Archi v 
der Methamatik und Physik. ser. 3. XV {1~09), 271. 

Schur, "Problem 2'75. 0 J\rchiv der ! athema tik und 
.. ~ys1k. ser . 3. XV (1909), 259. 

i.f°'e: •. el, n.Ar1 thmet1scbe .i:,~/!nsobaften ganzer 
.r:unctionen." Journal .!"..rr r~othemetik. CXLVIII 
(1918), 101- 112. 
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is irreducible in the r nti onal field 1f for > , r (k) 

represents a prime. 

Theorem : If A is the upper bound or the ooefficienta; 

1.e., /I > \ a ~\ , ore polynomiol :r(x) of degree r:? 4, 

and if for k f '/~L"l'l~+-.-.+':1.) 
Ah~ (_ "n - I) 
1 ', ,. _ _ _ (n - ,') ! 

f(k) is a prime; ther. f(.x) is 1rreduc1ble. 

Pol§{' ill order to prove three criteria makes 

use of the au.xi 11 ary theorem: 

If A polyno~iel r(x) of nth degree is such that for 

n + l velues or x, 

\r (XJ\ 
then r (x) is not 1ntegr!il. 

Theorem: If the polunomial f(x) o~ nt~ degree is such 

thnt fo r n values C of -.... , n.J f , (. , -::::. C end 

)r ( ( l I L ~-\1 ~ '. 
then .r(x) 1s irreducible. 

i 'h - l,:.1 

Theorem: If there exist n integers \, , (2, •••• 

suob that the difference bt een e.ny t o of them 

t - (~ a, 1 f: j, und such that then they 11re sub-

stituted for :x in the po lyn..,.ti"l f(:7} . t( ( )/ 0 end 

I I rA\"'-L11 -n )t r ( ri ) 1 '--L':J.; C -n- [.~J · 
then f {x) is 1rrecuc1 ble. 

Theorem: If t (x) or de ,ree r 17, takes on the value 

p for n different integral values of 7. ~here 

I 
27. Pol,·n , "Verscheidene Bemerkungen zur Zehlen tbeorie." 

.,. nresberichte der Deutsche themat1ker . 
Vereinigung XXVIII {191~}, 51-40 . 

I"/ 



pis a rational prime; then f(x) is either irre-

ducible or the product or two factors of the same 

degree. 

The theorems proved by Brauer, Brauer end 
28 

Hopf included a solution of Schur ' s second problem. 

,here 

P(x) =- (x•a , )(x-s l,.) ••• (x-8 11 ) 

the three au thoro showed thflt: 

Theorem: If G(1) = z-1-+ l; then ,[P (x)j 1a irreduc-

ible. 

Theorem: If G(x): oz~+ l rher~ c 1s a positive in-

teger is irreducible; then C, ~ (x}j 1s irreducible. 

Theorem: If G{x) =- z•.,. 1; t.hen f (xj is irreduo-

1b1e . 

() 
4(? 1. Theorem: If ax = c , z -1-- c .,2..z +-c3 z ~c~z.,..J is an 

irreducible integral polynomie; then there ore 

only e f1n1 te numbrr of di f1'eren t polynomials 

P{x) for which <'fr,(xU will be reducible. 

< [?(xi decomposes 1n factors of unequal 

degrees only v.hen 

P(x) = x(x-l)(x+l) 

and a (x) is one of the l)Olynofl11Als: 
" L z -z + l 
,f 1. 

Z -t- 2Z + 3z + l 
.o,( ?. 

z + 2z - 3z + l 
.,. .... 

2?z - 9z .J-1 

"1. 8z -4z + l 

Sz '+ + 3z1 - z .... -3z-,.1 

8z "" -3z 3 -z '2. + 3z+l 

28. Brauer, Brauer end Hopf, nUber die Irreduz1b11it ~ts 
e1n1ger Spez1elle Klassen von Polynomen ." 
Jehresberichte der Deutsche othemetiker 
verein1,un .• mv (1926), ~9-112. 

/f," 



2.., 
In the s~e year Ille used an auxiliary theorem 

similer to that of Polya. If e poe1t1vely definite 

:polynomial of degree n = 2k is such thet for at lee.et k 

integral values r. of x, f( ~. ) f; C', 

"-\r < t~ )I '-- z2~-, 
then r(x) is irreducible in the rational field. Ille 

used this theorem to prove thrt: 
'-- L -,._ 

Theorem: P ( x) = a ( x-o. , ) ( x-a ~J ..• { x-a" ) -+ 1 where 

a is a positive integer not a perfect square and 

k ~8, is irreducible. 

{) "" '\ .... Theorem: If G x = az + bz .... cz + dz + 1 is an irre-

ducible polynomial, Pb) = (x-a , ) (:x-a ••• (x-a.., ) 

where the a l are all different; then c.:, [2(:x ll can 

have no factors of degree lesa thank. 
30 egner in 1931 extended the first of Brauer, 

Brauer and fopf's theorems to the case where the last 

term or G(z) may be different from one. 

30. 

Theorem: If P(x) (x-a , ) (x-a 2. l ••• (x-~ .,. ), t. > 5, 

de rational integer not a perfect square and 

d;i 3 (mod 4); then 

L .. > (x )J; d is i1Tcduc1 ble. 

Ille, ~1n1ge Bermerkung zur einem von G. Polya 
herr"hrenden Irreduz1b111tet~kriterium." 
Jahresber1ehte der Deutsche fuathemet1ker 
Vereini~ng. XX.XV (1926), 204-208. 

Wegner, "Uer die Irreduz1bil1tit e1ner Klasse 
von ganzen rutionalen Funktionen." Jahres-
beriohte der Deutsche Mathematiker Verein!gung. 
XL {1931), 25~- 241. 

/(,, 



31 
The paper by Dor art end Ore besides showing 

that the previous criteria may be derived from e common 

source. generalizos the previous criteria, adds eeverel 

new theorems and extends to quadratic imaginary fields. 

Three theorems are derived by use of the aux111ary theorems: 

A polynomial f(z) takine the valu6 t l (-1), m>~ 

times connot take the volue -1 { i- 1). 

A polynomial f(x) of nth degree ta.king the values 

+ lat m points a" e 2. , ••• s..., where 4LLsn oan hsve 

rectors only of the fotm 

s(x) = (x-a1 } (x-s-iJ ••• (x-a., )h(x} -t- 1. 

The degree of fl tactor i s thorefore never less then m. 

and when ,1.1. '> 1 , r(x) ls 1rreduc1 ble. 

These lead to the theorems: 

Theorem: The polynomials 

t"(x) = n(x- a. , ) {x-a 2_) ••• (x-fl ., ) + l 

are alwcys irreducible except when f(x) is equiv-

elont to or£ of the tollo ing polvno~1als, 

x(x-1) (x- 2)(x•3)+l "- [i.(x-3) -t l] l.. 

x(x-, ) ~1""' (x-1)~ 

4(x-l)x+l ~(2x-l)~ . 

This is the complete generalization of the case examined 

by Schur, .estlund and Fliigel. 

Theorem: The polynomials 

.. {!>(xil -= 'oP(l t + b, P{x) + 1 

31. Dorwart and Ore, "'0r1 ter1e. for the 1rreduc1b111 ty 
ot po lynomials." Annals or ra themat1os. 2 ser. 
XXXIV (1933), 81-94. 
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P (x) -:::. , ,._~ , l (x-- 2. l ••• (:x:-~ )1 , 

are alviays irreducible when n r. 

The possible exceptional cases for r. '!:- 4 ore also listed. 

Theorem: The polynoMiels 

f(.x) = o(:x-e , ) (x-a-iJ .•• (:r-a ., } r l 

are always 1rreduc1 ble 11' c '/ -r'l,. except v;hen r(x) 

is equ1valer.t t ... 
l- 2. "lo 4 

-a(x-1) · ( (-l} r l-=(2x -1)(-4. +8:r:L.-1 ). 

This included Schur' s s~cond problem and generalized the 

theorem of Ille. 

These theorems are then extended 1n general 

form to the question of reducibility in quadratic 

imaginary fields. 

Theorems are enunciated upon the number of times 

a funoti on may take the values + .J or -p hich lead to 

the theorems: 

Theorem: A polynomial of the form 

:t(x)~(,c•a,) (x-n 2..) ••• (x-n .., ) , , (x).t p 

where ... . >10 can have factors only of degrees ~!. 

Or where m~n the degree of t(x): 

Theorem: A :polynomial of the fonn 

f(:i} ::..a(x-e , )(:x-e z.. ' ••• (x-o ,, ) ± p 

~here n>iO, is irreducible 1f n is odd and when n 
,.., 

is even 1t MY have only two factors of degree .i . 

For n =lO it is found that this th oran ho lds excep~ when 

n=3 here f(x} 1s reducible only fo~ the two polynomicls 

(x- 1) (x+l) (x +-p) ") : :r ( ~'PT-1) 

4x(x-1}(2t+p-~} ~p : (Zx-1) (~J~ px-4x-p) 



Theorem: A polynomial taking tbe veluer;, ± l or±. n 

at altogether ;:. > 10 points cannot have any factors 

of degree less than ~. 

It is also indicated that these methods may be 

extended to polynomials taking the veluo ::t d, end gener-

alized to quadratic imasinary fields. 

6. Other Tl!?es or Criteria. 
32 

Schur 1n 1929 added criteria for several special 

types of polynomials. Four similar types arc defined. 

Theorem: Avery Jlolynomial 0 40 the form 

t(x) = 
-...-1 x..., v~ n X + l + t:?., X + a.., ...c. + - - - ,,,_ ..... .,., _, - , - - , 

! .' ,2-_I ('n - 1 ) . 7? . 

where the a ~. re rution~l !ntegers, 1s irreducible. 

Theorem: hvery pol~rno~inl the form 

:r{:r)~l 'l. )(. <f' -+-a,,L+ al..--t----+a...,.,_, 
t< i IA~ 

x ...... - 1.. ±  .x:.--i..., 
~l..,,-<- u 2. ... 

where the are ~D~~onul integers. 

1..,,\.-=- 1.2.3 • ••• (? f-1), is irreducible. 

Theorem: In general ery -')lynomial c-r t 'for 
'L. 'f ,>, - :I. 'l.., 

f(x}; /+-a,}!__ r a~.!::- + -- - + £1.-,,-, )'.:'. -f:.. _x __ 
u..,. tl,. L.( ;a.-,, t<1,,.,r.2 

is irreducible. ex~cJ~~~n is the ccwe ~Jere 

2n is of the form 3r-l (r~~). In this case r(x) 

mfly have a factor of' the form :z 1. ± 3. 

T11eorem: A polyno.r;,~el of +r "3 form 
>C x" '><-r x..., .f(.7)= l+ C...; .,_,-,- a1--+---+i:.:...,_,~+ __ 

,,,. 3.' n.' - {'h+1)! 

1'1111 in gene..,. 1 be 1rred.ic ible. If l.01: ir3r .... is 

of the torm 2 " -1 (r~2), then f(x) maj have rectors 

52. Schur, "Einiee "'at~e nbnr Pr1mzahlen mit ndwendung 
auf IDreduct1olli~~tsfregen." Akedemi e der 
w1ssonschartan. nerlln. SitzuDBsberichte (1929) 
Pert I. 125-136, 570. 
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of the form X*2• Ir n~a then r(x) may have two 

irreducible factors one of de ree 2 and the other 

of degree 6. 
33 

In 190? Perron introduced e ne type of criterion 

dependent upon relations between the magnitudes of the 

absolute values of the coefficients. These are based on 

a simple principle. Given f(:x) ==- :x"+ c , x »J ••• +n,,.,:::: o, 
where the l re retional integers, P ~in; 1t the absolute 

value of n- 1 of the roots are less then one, then r(x) 
is irreducible. Perron first proves that i t f(x) has e 

root such thet 

/a.,+...i..l >A-+1-lQ.,\-la,1.\ 

where A = \ r , I I a 2. I ...... \a '),\ ; 

then \o1--\ > l and the absolute values or the other n-1 roots 

ere less than one. This leads to the theorems: 

Theorem: If the coettioients of f(x) satiei'y the 

relation la, l > 1 + I &-i.l-+ \ a ~\• ••• + l a .... \ ; then r(x) 

1s irreducible. 

Theorem: If the coefficients of r(x) satisfy either 

of the relations 
r ( l'.:\;_1) L o or (-1}'" f(-A:1}, o 

here -:.lfl, I+ \ e i.\+ •• .+la.._\; then r(x) is irre-

ducible. 

A second principle used by Perron is that if 

the equation r(x) O hAs a pair of conjugete complex 

33. Perron, ~Neue Kr1ter1en fur die Irreduzib111tat 
algebra1scher Gleicbungen." Journal fur J.datb-
emotik. CXXXII (1907), 288-307. 



roots, and the remaining n- 2 roots are 1n absolute value 

less than one, then r (x) is irreducible. From this is 

derived the theorem: 

Theorem: I1' 
,r=- .,.,_, 
u o: 1. '2:.. 4 C I a , I + I ei1~ ••• +l"' ... I > 

then f(x) is 1rreduo1ble. 

If r(x) 1~ of decree ~ 5 it is irreducible 1r 
fiL :?. (~ ) ~ - , ( la ,\ + l e ~i· •• • -+ lo .,..\ ). 

Of interest in connection wi t h the auxiliary theorems 
34 used by Perron is a paper by Mayer. Using e problem in 

probability end its difference equation Unyer showed 

that: 

Theorem: Given f' (x) =- :z: 'l-l+a , x 1'-,+ ••• + a ~ 

where the n i are real or 1mag1nary. If 

l r 1tl '> I e ,\ +\ ri "\..\+ ••• -tlf\ R_J+\F-R..,,\+ ••• +le,.,\; 
then t (x) has n- k rootc .. such tha .. l...1.J>l and 

k roots o<j such that \o1-J '-l. 
35 In 1921 Tajima showed that if 

l c. 1t.l "' la ,\ + l a ,\*• •• -tl a..__,l+! ak,,I*-••+ I a .._\ 
and at least two or the quant1 ties 

.Jl. , ..£..~, ••• , a -..-1 ere not equal; 
a ~ a ~ a ~ 

then n-k of the roots are sucl that 1~. 1~1 and k roots 

such that jol~ l> l. 

34. Mayer, "Surles eluetions al Pbriques." Nouvelles 
Annales de t,.athefij t1ques. ser.3.X (1891), 
lll-124. 

35. 'iajima, On the roots of an 6l.gebra1o equation." 
TC':_!,8-kl.1 f. :..themetical Journal . XIX (1 921) • 173-174. 
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CHAP'I' II. 

THE CLOSED CONVEX POLYGON 

l. The Polygon of f(x:y). 

In the rapid treeing of algebrai c curves in 

to voriables a rorm or New~on's polyeon is used to 
36 

~eterm1ne approximating ourves . This polygon is closed 

and convex in fom and is defined by th powers of x 

and y appearing 1n tho t erms of the polynomial. e 

consider a polynomi•l 
'\ 'I'\ • • 

:r(xy} ""' ~ ; .. a ii r " y .i. 

For all terms havinb n ncn- vanishing ooerticient 8LJ , 

we plot the points 

P = (1,j) 

in a Cartesian co- ordinate system and cnstruct the 

least convex poly on including 

all of this aet of ~01nts. ~or 

ex le, ¥--- :)~ J'l... 
f' I 7.y ) = x y - 5x y -r : 7 

3 'Z- 4 1.- 3 l. .,_ -2x -15:x y + 1 y + lOx y + l.:):x y 
s }. 

- 62x~· - 2.r.y + l3y • 

The starting oint of such a polyg n may be defined as 

36. For a full discussion oft s use of the poly ons 
see • ~. Johnson. Curve Tracing in Cartesian 
Co- ordinates. New York, 1884. 



the lowest point on the y-axis . 'lho sides may then be 

assigned directions by proceeding 1n a oounter-clook-

~ise direction from the starting point and considering 

the sides as vectors. ( r.. polygon which reduces to e 

straight line is considered as having two directions . ) 
3? 

The product of two sJoh polygons is defined 

as the polygon constructed by laying off the sides of 

C 

the factor polygons in order of increasing incl i nation. 

(Ir the inclinations of t.o sides are equal, their 

oraer 1s immaterial . ) The st r ting point for such a 

construction my be defined as that point on the y-axis 

whose ordinate is the sum of th ordinates or the 

st8.Tt1ng points of the factor polygons. 

S7. It llust be noted here that this type or polygon 
hRB boen ent1oned by Shanok, Convex Polyhedra 
and Criteria tor Irrnducibilitx. {D1soertat1on 
1933, Yale Univers1 ty. ) Also that Dines 1n his 
paper "A theorem on tha factorization of polynomials 
or certain types." (.Alileric6Il latbematical Society 
.Bulletin. XXIX (1923J,440) has indicated the 
converse of e sim1l~r theorem for polynomials of 
the f -:irn: 

=. Y ''\. "':: { X ) y r. -
1 
+ • • • • -l- .... \ l J' ) / -r - ., ( Z ) 

where t;,,,, cocf ... ici ,..,.. t..... _.,i (x ! J:.;, 01 reries 
convergent in a suff1c.: e: .,. .. Y restricted ·1e1ghbor-
hood or the origin and vanishing with x . 

23 



Consider 

here at lea.:>t one a , .. -.:/: 0 end nne e oj ¥- O; 
ii' """' 

g (xy )~ 2. r/r, >.~y 1 
k 2. -> l • o ~' 

where at least om ~4 * 0 and one a ~i -1: o. 
Then h (xy) = f (:xy )g (xy\ 

"' " "' ~-f)"" t =L_--==;- .... " c::::__ 0 ,.y X V Jc. ~o 12, a 

h "'y v L a, . a' x .... i.. ,, .i•>. w ere 0 14., x = .... ~.: .i.. •J i..i ., 
V = 1'..l. 

,e see tnet .. he construction of the product 

or two polygons c uld also be defined as follows : 

To every oint (i,j) of .... ..f 

and (l • L. ) of !? a is dra ,u 

a vector trom ~h- origin. 

By the las of vector combin-

at1on P~ + !\ is th e n nothing more than the polygon de-

fined u 3 al. those points whose vectors from th origin 

are vector sums of the vectors fro the origin of P~ 

and ,~, considered in pnris one being from r -¥ nnd one 

from :, i . That is, Pr+ - ~ is th least convex polyg n 

cont"' 1~.;.ng the ~et of pc,.;.nts (1 T ,1 -t-l p 



By de:f'ini t1on the polygon r~ ,f h(xy) is the 

l east convex polygon ccntaining the ~v~-t s (u ,v); i. e . , 

(1 +- !c, ., ..,. l ). Hence the poi nts dorin1ng tbe polygon s 

--:i isi und .1:'5-4 P coincide :provided tb t o.._ 11 I- o. 
Ill v1·d,.1r that r "'-" = O, it 1a necessar y that 

the slll'Ilt'.l~tion defining c ~v nhall contain more than one 

term and tha i tor the~e te'PT'.ls 
, I I J I ti 

1 -+- k = i + k -=-1 + k = •• •• :. u 
' 

• I I II ' 1 

J + L"' J + L -:. J .... ). "" •••• -= V 

or o,,...., ::> 

Consider any two of tae.e t~ s 

These are derived tram the terms 
• _j I /e. } ,_' / I '- ' J1 

a ,'.i :x y , 8 4:.z x ' aud e. ,,;' x y , a J. ' 1, _, , 

respeotively. ·e then consider the sec ond pair of ter.m.s 

defined by the op-nosi. t .... c-c,. b;,., tion c .... these t Rrms 
I i"- /t. 1 i +l I I t.'+k. .J' 1+/ 

a ... j a.,,.l' x y , a ,.'J' &Je, x :v • 
These terms define tho points 

( 1 """ e, J "" i' > < 1 '+ k, j ' ... 2 l • 
The cidpo ·n t of the li.l'l~ joining tbese rriints i s 

( 1 t- k ~1'+k 1
, J + l·+2J'+l' ) 

or since i + k = i '+ k ' =- u, j _...2 1-+- 2'= v , 

this midpoint is the 1ss1ng point (u,v) of ., .{cl' • 

That is, if H point P of ~d oorres~~L~.ng 

to a point of .. +- !\ is missing th."..i"' !'.l the vanishing 

of c ~v , it CEll1 u~ s~vwn that terms on e1th r side or 
this term so operate as to define points which hen 



plotted will so define the polygon !~ ·a to include 

the point P. 

e note that the to -ets or po nts consist-

ing one of the maxim.um and the other of the minimum 

point on each ordinete include &11 corner points and 

points on tho sides of t te polygon of a olynomial. 

That is. of the set or tenns 

the first nd lt1s-& of t ..... ese for which a tf 0 ere those 

actively involved in the definition of tze polygon. 

Thus ue see that to each polynomiel there corresponds 

but one polygon, but that there exi st more than one 

polynomial correapondirJg to each polffon. 

The converse of our product tlleoro.m ia that 

if a olynoo1al is factoroble the polyfoL of the t>oly-

nomial is reducible to the polygons of ~he factors. 

And we may state the theore~ thtit if t he poly on of a 

polynomial is irreducible so also is the polynomial. 

2. The Polygon of f(x) 
Returning then to the consideration or 

it 1s· possible to write f(x) in the rorm 
?" oL;,. 

f{:i=)-= L. r ,, 
,:-:.o j::O ""J 

. . 
~-... J p. 

l¥here p iz a rat~onttl pr!~~ anJ th ooff1c1ents r ,;; 

are all less than p . 

Then the plotting of th points {n-i,j) 

again dofines u closed convex polygon. Recalling that 

the sign of a coefficient has 10 effect upon the poly-

2.b 



gon, we need only consider the absolute values of the 

coef'fieients of x. Recall ing also tb t the maximum 

nd 1nimum points on any ord1nate ore the ac~ive points 

definine the polyBon , e see that the minimum point 

on o.ay ordinate :x = u-1 corresponds to the highest po er 

of p d.1vidin , nod the msximum point on the ord1n te 

is ( n-1 , olz} r;h er.e 

That is, the lower sides of this polygcn of f(x) co-

ino1de w1 th tl10 Dumas poljbon while the upper sides 

depend upon the magnitude.., o:r the absolute value a of 

the coeff1o1en ts, or the logarithms of tho coeff1c ents 

to a base p. 

Evidently we need • o t plot ell of the points 

( 1, j) for our purpose, hence we shall define the polygon 

of r (:x) thus: 

( ) 
.,... ,. _, 

Gi ··t~n r x c:: :x +- A, x • • •• + J. ,, 

A,;# O, ~ ,- =- O(mod p d..i) ;i O(mod l> t:..: +-, } 

p -'.· I,_ .- I L l) ol.; +I • 

The points (n-1,a,.:) (n-1, ,.t ) are plotted 1n a 

Cartesian co-ordinu i;e system (if .\.i -1:- 0 no point 

is plotted on the ordinate x ,: n- 1) and the least 

closed convex polygon including 

tl1ese points iP o -:istructed. For 

( r <f , example: r x) = z -l_x + 30x -3J% 

-6vx +- 28. 

8.7 



We see that if a product theorem holds we 

shall be able to derive three forms or irreducibility 

cri ter1a from these p lygons. 

I. The lo er or Dumas polygon is irreducible, wb ch 

gives rise to theorems depend~nt upon the divisibility 
38 

properties of' the c:oefticients. 

II. The upper polygon is irreducible, wbich gives ri~e 

to theore1 s dependent unon the absolute values of the 
3i 

coefficients similar o those given b. Perron (190?). 

III. The upper und lo~er polygons are in themselves 

reducible but do no t c mb1ne to form losed poly ons, 

which gives r1se to tnearcms dap nden t upon the c 

bined properties of the coefficients. 

,e f 1nd men we attempt to state a product 

theorem the.t 1 hile the lor;e · sides of P ~ -+ > ci ~nd P ~l 

coincide by Dumas' theorem, the corrcsponr e:.ce betwee~1 

th upper sides 1e lo1ger exact. Consider 
?-7 e,<t.:, 

t{x; = L r ' .. x .-p .,• 
t = o j"'-O "J 

g(x) = i_~ r ~z X i l) L 
k ~ () 2.•d 

,.,,... r .. 
h \ x ) f ( x ) g ( :r ) ;- 2- L. r ,.¥ :z: ""p " 

c., , O -,:• 

The po1n1B defining the uppe.;r sicleo of 

respectively 

(n-1, d.: ) (m-1
{, f-4: ) 

These po nts define the pojn~s 

See pagef 1 .. ,:i. • 
39.. Seo pege& :Lo :to ).I • 

ana ') are 
,i' d 



Consider the terms defining a corresponding polnt in 

h(x); 1. e., u = 1 +- k. It consists of' all the torms 

tor wh 1 oh 1 + 1, = il, 
.,.(2.,' R:!- I II '), ... ?>,-•'- At .j+l Cr .. r .el x :p j=o 2. .. . ~,/ 

In this expans1 on the Cu13l:l'1o len t containing the 

lllflximum power of' p is 
I ,1 ol, 4-/Jt 

r .~; r ~;
4 

p 

In t(xy) tl:e coeffic ent r ~~.. r J';1r could ot affect the 

powers of y, it nay now uowever ~freot the po ers of 

p. It 
I ,1 

r; ,_, r /t.J1t. p 

\',e hove a term contain!.:1e, p to the poT1er .<.,. ""/;, + l, 

and the point defining \, lies above the corruepondi ng 

point defining n~+ P~. ~orrespondingly 1f in the 

coefficient 
I 

r ' -'.-, " ""• +/le -I ... ... , .. ? 

r ' i: ol..;-1 

,, 
r lrf~> P, 

we may have a ~ecoua ~. ~ontaining p to the po~er 

o1,-+ fJi: • If the.,e -cwo terms differ in sign they may 

cancol each other and the point defining - 5~ may fall 

below the point defining .,i + 'l:)J. We the.al c .... ~sider 

terms either side of s~ch ·Pa::. iant term and see whether 

or not we may state that they so operate as to include 

the lost point or that the point lies within a cert ain 

distance of the line joini ng points on eith r side. 

That the latter stateri nt is correct and the limits 

w1 thin which the point ·ust lie a.1·e shown in th next 

chapter. 



CHAPTER III. 
ON THE PRODUCT OF TWO FOLYNOB!AI.S 

l. \le shall consider an arb1 tr ry polynomi al 
--() "' ..,_, 
.1. X -= X -+ &, :Z: + •• • -+ a .., 

wi!Ml complex coefficients. For all non-vonish1ng co-

efficients a ve plot the points 

P ,- =- ( 1, log l a .. I ) (1-=- 1, 2, •••• ,n) 

in a Cartesian coordinate system and coDstruct the l ouest 

convex nl ygon lying ·.ibOVe all points. We shall denote 

the sides of th1a polycon by 

' - .. 
The projections of these sides on tbe X-axis wre 

1. , L .. , ••• L~ , 

and those um.bars are ull pos1t1vo integers, while the 

projections 

h,' h2., •••• b ,. 

or the sides on tbe Y-axis a re real numbers, which t1ey be 

positive or neg tl ve according to the slope or th corres-

pondinc sides. The slopes themselves a.re then 

(1.) k::. i;g f,~~ = lot, ')e; (1 ~ l, 2, ••• , r). 
l; 
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The first <md last point ar the i -th side are respectively 

(2,+ ••• +l,_, , lo[: \ a 1,.-..• 1,_.D, ( l;+- ... ... 1 .. . log I a 1 ... _ . .... 1 • \ ) 

and hence one finds for the slope 

or 

lo I e. l,· -·· 2. I ,. 
or also accordi to (1) 

-' 
~,-:: \ ~ l,t --· +2+ 

1, + -- · +l; _, 
I ''. 

J:l'ow let 

~i"' 2, 4- ••• +2, 
denote the abscissa of the eod- po1n-1t of the 1-th side i . 

We shall then compare the s1ze of the coefficients of 

r ( x} to Io A- I • 
I 

Let us 1 1rst consider points ,\,•.i lying to the right 

of \ \ • Since el 1. such points are l.r 1 r.g on or below the 

( 1 + l )-st s ide i., , e have 

log \ a A._+j I= loc; \ t.A, I -1- jlr i., = lor \ eA, I + j le 1(., 
or 
( 3) 

In tb 

or 

(4) 

I a ,\.+' 1~ I •;... I 'X.J • 
&. J ' l ,.,,, 

si:me vmy one .tll.::.ds :or t.!:>. .... points to the l eft of P,t 
log \ e~

1
-j I!::. lo, I e.,1. , l - j~ .: = log I e,,;I- j l 0c., 'Jf, 

These two inequ 11t1es (3) und (4) P.re fundamental 1n the 

followine c ansiderattons. 

2. Next let 

g(.:x.)= ... ""+ b , J'. ,..._, .f- ••• + b -

3/ 



be another polynomi al end let us cons truot the corres-

ponding polygon with the sides 

S ' t f 1• ~1. , ••• "" s 

and tb e slopes 

k'. 
L 

= (1 -= 1, 2, •• • , s). 

ryhen then)'~ denotes the abscissa of the end-point of the 

1-th aid ...... .e obt 1 n th a inequalities corresponding 
J 

to ( 3 ) and ( 4 ) : 

( 5) I ;:,J', .. j I !::. I r• \ ,(~, , 
e shall no~ !om th.a product 

h(x) .f(.x)g(x) ..,. x '"+..,.,.. + o, -x "'"'"'-: ••• + o .,~ ..... 

of the tr.o polynomicls. Our mGi n problem 1n the follow-

ing is to deter~1ne the relation between the polygone of 

r(x), g(x) ond h(x}. ~e shall denote these polygons by 

P.f, Pl , end h respaetively . 

-->) P t ... .t>d e understand the convex polygon obtained 

f'rom .. ~nd .P6 by ar7sng1ng the totality of sides ~ i. and 

v '. of these polygons ace or ding to decreasing slopes. 
J 

Ou.r principal result is that the two polygons .,~ + -'J and 

P~d ftre approximately equal. 

~e suppose first a ,.,,,; O, b ..., -=J. J. Since 

C ,-.+.,,... -: O.,, b,,.., 

we find 

log \ o,.+.,.,., \ :: log \ c ..., \+ log I b .,. \ 

and this shows that the two polygons .., ~~+ :, • nd 't1 ·,ave 

the some first point (O, 0) ruid tbe sa 1e end- poin~ 

{c + m, lo{, I a .., I -t-log \ o ......, }. 

3 . e shell f irst determine how much greater an 
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ordinate y 4~ :Yf ? 41 may be than the corresponding ordi nat e 

7 t~j of 2 ~ + ,\• The coefficients 1n the yroduct have 

the 1·orm 

C i : 8 ;. -t- t , Es ;. -· + • • • + b <-• 8 , + b;. 

and hence 

(6) 

The number t .. of terms on the right-hand side of (6) is, 

when we ~1,,'?ose m = n , f\/ ... m .. "" 

t , ., 1 l for 1 f m 

(7) t · l = + l for n ;?_ 1~ 

t · l = n -t- m + l - 1 for 1 n • 

In every case Vi8 have 

(8) 

The point (1, log le , I } lies on or below the polygon 

'> ,\''ii · From the construc'tion of the sum polygon P ~+ ?d it 

~·0110 s tb 8t no expression log \a s\l b.: -sl ~an exceed th 

ordinate y ,..~ of r -t- P , at this point. Honce we obtain 

from (6) 

(9) loe \ c . \ f y + log t .: 

for all 1 and hence ~e obtain 

{ 10) : log (c + 1) 

which is the retiUlt we anted to establish . 

log (!! + 1 ) r 

4. The r::i ore difficult proposition is to shew tha li 

the polygon "' ·h cannot fall very much below k + r-J . 

e shell sbo this by considering the difference o~ tae 

ordinates of the two polygon at a corner :point or ·:,~ r J . 

The ordinate Y f. 3 ~t this point is 

(11) 1 \·~ : log la .. !+ loc \ b s \ , 
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where 

(12) ( r , log ) a r \ ) , 

ere earner points of P~ and ~d respe ctively. We shall 

then heve to determine a bound for the absolute value of 

the difference 

(13) d:: J1og l c r .. J - log \a .. l - lor \ bt.\\-:\10{ lchs\ \ la .. ll b.J • 
For c. 1-+s 1,e t>..ave the expression 

and hence from ( 13) 

(14) = \ 10s I l t 8,:-, b '>"< + e. x;-l. b ~~a. +-
tl r bs e. r b ••• 

+ "'tii ' b :i-1 x; .. 1 b ~-. .. .\ \ a .. bs 8,. bs 

. e now determine an upper bound for the sums occurr-

ing in these ex1>rescions by means of the inequalities 

(3)' ( 4) and ( 5), 1'1h1cb ,e write in the following ay 

\ a :c-~ 1 i:' I a r. I }t~-<~, 
6..- a" 

(15) 

/ b 6:· I== dt·;' 1~ ' 
} b .. , .. 

bs Jf.r, 

Ue then find 

(16) I 8 y-1 
t. y 

and 1n the seme way 

ti/:;:- ~1-___ 1 ___ 1.D' --

pl...... err-f?-
jf _,_ 

(17) l a r+• 
8.1' ••• 

"' .J:!..~ 4/ ,,,,__";,;....· l - &-:;- . -
I~ should bt1 observed that 

)(' 
(' 

I) 11) I ,l' 
f\.,i. > 6' ..L... \ '){,t > f+-1 

end fro..n the con~·tr, .ct1 on .)f tre .., .t.: 1olygon follows 
)l' ;l Jl > iJ>' 

-;:, r;,t + I ' "'- (Tl, f"'" I 



e shall now introduce the sh&rpness of a corner of 

e polygon, defining the sharpnes . cr.c. ot the o<. -th corner 

or the polygon <t tl:\rough ttie relation 

• 
In the same way r!'f, is the sharpness of th._ f • i.h corner of 

Pd, where 

• 
Let us now consider the sharpness c, of the corner C 

.e lwve four different yossib111ties 

;/, ' 
f /(~ > Jl.,,l+ / > ;e,f + I 

)(."' t1t; > il(>+I > ;e et. • I 

J,l.,,,. It~ > ;e oL+t Jt;.u 
;t' 

f 
f I 

2:. A.!'-> ;,+1 rJf,"" .. , 

e.nd in the respective ceses 

a- er' 

a find the four values for er 

re~ 
oJ., f ' , 

(}{,~+/ 
_J-I(;/-,_, 

A simple cons1derat1oii sho\ s t!_• Ii in all oases 

(18) 

end from (16) end (17) we obtoi:-
.. , 

1 
f. r-, 0 S-4>' ti' r+, ---- - + ~ -8 r b .s • •• a,. 

!...:.=_ 1- IL 2 b ' . • • v- l • 

This in turn gives the folloW1D,f; limits for f 
lot, v-r l :> S > log u - 3 

rr- 1 v- r 
or 

(19) 

whioh is the result we desired to deduce. It shoiiS that 

at a sharp corner point of n ( ,..d the point C or the 

product cannot differ greatly frc- it. e huve for 

instance for v =- 4 and (f"" = 5 respect iv ly. 



(20) 

l \ n , \\ b ~ \ 
3 

1:.lr.1- \\ b'i\ 
t 

L- \ C r~.,. \ f l t. ,. \\ t ,J 
3 

L l C r~ ~\ L 3 l l ,. \~ b, \ 
2 

I also observe that under cert~1n conditions C will 

also be a corner point or "' ~~ end the sharpness of the 

corner cen only slightly exceed ~. 

5. e shall now investigate how much the polygon 

P ~i may fall below 1 + P J nt any point at which the 

sharpness of ,., + Pd is le as than 4. e consider two 

consecutive sharp points P I end ? '2... or {' + . corres-

pond it\?, to the abscissae s and s -t- t. kt P t a.id i' l. the 

polygon cannot fall more than log 3 belo P + Pd. 

The poly'"'on t + Pd is made up of parts of Pr ehd r i 
between the t;-,v poirts. At the first point 1 t has tha 

ordinate log ls y)+log \bs\ and at the 1-th point the 

ordinate of P + Pd is 

(21) log (a rl + log I bs \-r .J*. lc.i , 

where the L j ere the slopes of end rrrnnged in de-

creasing order. We also suppo~e .• .'or ~1:.:ipl1c 1 ty, that every 

point of P + .f is a cn ... ,.,sr point so thr. t some of the 

j are equal. :.e essume that 1 =- t gives us the next 

sharp point with the ord1ne te 

(22) 
t" 

log \ e ,. l +- lOfil' \ b s \ .t- !, k j . 

We now join the two sharp corn •r ... 't.i 1.h a straight 

line t: 

y - log I a,,) -
2. k. ( ) lo I b\= :¼::' J x - r - s s t 

and the ordinate of the poi11t on th18 line corresponding 

to (21) i:.; 

(23) 
t 

y. lo.., l -.1 -r I + log \1 s \ + 1 2-. ki 4 

" t j :.. I 



, e are mainly interested in the dif.ference bettJe<·m these 

ordinates f!'" !ct is found to be 
2.' t: • t-

( 24} .6 -=~ k - - _1 :2. k , a:: (1 - 1Ji :t· - 1 2. ,~ .. 
' j • -- J -- • ;J j :., t ; : ' t j ,. ' t .; : .~, 

We went to determine the maximal value of this express1 on. 

To this end e introduce the i( ty the rel.a tion k. = lof /, 
' 

and obtn1n 
' t 

(25) ~ . = {1 1)~ lo~ ;(J. - 1 ::z= lot, J/J· ,. -t ,J"- / • t i$,-.. , 
I - .!- -· ( Jf, ),( ) i ( d,-.. , ••• X: ) = log • • • • 

re shall next use the feet thl:it the sharpness of 

a.ny corner of "'t + r, in this interval is less than 4. 

The sharpness r:i; ac dofi ned by the rel.a t1 on 

(26) ' V.· l • 

or 
(27) lot.: Jt. = log ,l,,~, t loc... rr, . 
From (26) one easily deduces 

(28) I( = o. C-: • • • v.t:_, l(,t 
J.J I 

or 

Frcm tt. 1 s reletion follows 

(29) lof ;fj -= lo- ~ + 2 lot. • • • + 1 log c-_. 
' 

and 

(30) 

ti ;;1 

+ 1 (log c;~, 4- ••• + loF ~-,) + 1 lo ... {• 

t-

L log ~ · = lot 0., +- 2 lo( u;. 2 •• • 

.i =, .. , 
+ ( t - 1 - l ) lo °t--, -1- { t - 1 ) l ol ~ . 

When (2~) and (30) are substituted 1n {25) e ob\a1n en 

expression containing only the quant1 ties, er: 
.J 

~ - : (l - ¼) { lOL U, -'- 2 lo l. ..f • • • ,J. 1 lo O:· ) L 

t {( - 1 - l) lo C: + (t - 1 - 2) lo u-+•• + l, ,., I ,· .. ,. 
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Since the coefficients in all of tbo~o term~ ere positive 

we obtain the maxim l volua fo:.." 1.1y mek1IV ~- = u: 4 -ror 

oll J . This gives 
1(t - 1} 

2 
log v 

as tbe maximal value for the d1 fterence. Since the polygon 

") .fd cannot tall more then lob ~: r below Tl ~ ..,. "')d t the 

~harp corner ~o1nts we obtuj mq?1~a1 ui.ference 

1 { t - 1} log er + lor cr- - 3 
2 o- - l 

bet een \ • ,1td + ...,". This rasul t can however probably 
. <> ti 

be con ... 1<. e_ f ol3 iilprovc upon. For u-: 4 and t = n ,,e 

:find 
,·{...,., _,;) 

6,: :: log ( 3 . 2 ) • 



CHAPTER IV. 

IRREDUCIBILITY CRITERIA 

l. The Application a~ the Convex Polygon 

There remains to be demonstrated the method 

for the application of these polygons. 

Given 

f(x) = x "r 'h - 1 ,x + ••• • +- 1 , 

In the case whe:f'e the A,:' are rational integers, a 

rational prime p being chosen, a congruence and an in-

equality may be written fo-.: euoh J, i O; 

, = O (mod !t' ) j O(mod p 12.,4-I ) 

ol,' ( I ""-,+I :p = ""' 
The points {n-1 a d (n-1, ex', ) 

(indicated by X ) are plotted 

and the least convex polygon 

is constructed. on any or-

dinate x -= n-1 tbe distance 

1 = 1,2>•• • ,n-l (indi-
Above 

oated bJ o ) " .;he po1nt where 

this polygon crosses the 

ordinate is laid of r, 1- ere 
{ (...., - d 

6, = log,h (3. 2 

on ony ord1 hb te x -= n-1, 

1 =- 1, 2, ••• ,n, the distunce J;. r :. is laid off belo the 

3'1 



poir, t (n-~ , ""~·) ( ind 1c a ted by o ~, where 

whore v.=i+.i 
" 

ror l.• 4 ,.. - ... i 
t .::. n-1+1 fer 1, 1::. .. 

The least com ex polygon lying above and includ-

ing these two sets of points are tbe l1mits of 6 region R 

(upper limit polygor. - , lower 11m1 t polygon - ). It 

is evident by the considerations o~ Chapter III. that if 

the polynomial is reducible the product of the polygons 

of its factors must 11e nn the limits of, or within , the 

region R. 

If' each of the possi ,le polygons 1n this region 

considered together with the Du.mes poly6 on is irreducible , 

tbe polynomial is 1 r.reducible. This theorem ti ill serve 

us a basis for the deduction of irreducibility criteria. 

2. Irreducible Polygone 

The most evident forms of irreducible polygons 

are the triangle and tb trapezium none of whose Eides 

are reducible. These are however special cases or at. pe 

of polygon having one long irreducible side. 



Let P be a ccnvex polygon ~1th one irreducible 

side 8. Then P 1s 1rreduoibls it 

a pair of parallels L, ,L~ can be 

drawn through the end-points or S 

such that the poly on Plies en-

tirely within the parallels. I~ 

P is reducible let " ' be the factor 

T\')l rgon co.i,ta1nlng S. Projecting 
I · on "'larallel to L 1 t tollo e 

I that 1> ~..ist contain all other sides 

of P. This irreducible polygon will be hereafte referred 

to as of type L 

Type II. or the 1=reduc1ble polysons epends on 

the constructi on of a cen tro-aymmetric polygon. Such a 

polygon has n ev n number of sides, o.nd the diagonals 

conncctinG opposite vertioen biaect eech othor in a point 

nith1n the polygon, th center of symmetry. Consider the 

fl 

convex olygon ors polynomial. 

Draw the line I ' .. connecting the 

end- points of the Dtmrs poly-

gon ABO • •• r ' . r.-1 th the m.id-

po1n t of this line as center 

construct a.bovo the line the 

corner po nts, lattice rcints 

on the sides { ,, ' r ' ... D ' ) and 

sides necessary to rorm 1th 

the exlstill[ Dumas poly on a centre - symmetric polygon. 

If the upper limit of the noly n P does ot 1nclud~ any 

~/ 



or the corner points or points on the sides of this 

constructed polygon, then no factor polygon may have 

a s 1 ts Dumas polygon a sequence or the tire t k sides 

of the origint\l polyPon. By constr·~otion 

J..B ,, • ( ? I ' B~ I/ l3 I C ( ' • • • • • • D / H D , A 

Suppose the contrary; th6t is , suppose AB is the Dw:iae poly-

gon of a factor polygon .r 1• Then the upper polygon of P ' 

since it is to be convex must consist or a line equal and 

parallel to AB or l i nes through A and Band ly1np above 

AB. This ind1cates a line in P co1ncid1nr w1th A1 B1 ur 

l1ne5 through A I and B ' and lying above , L :,' which 1s con-

trary to the hypothesis that the points B1 ,c' , •.... , r; ' 

e.re not included vy the up;per lin1i t polygon of P. 

Suppose ABC ••• D forms the Dumas polygon of a fac-

tor polygon - ' Then the upper polygon of P1 s1noe it 1a 

convex must consist of li line equal and paral lel to A~ or 

lines through A and D and lying above AD. This indicates 
t I ( I a line in P coincidill(: w1 th . :C. or l ines thrrugh • and D 

and lyin above :.. ' D' Yh1ch is contrary to the hypothesis. 

Continuing thus we see that no sequence of the 

first k sides of the Dumas polygon ot f {x) may form the 

Dumas polygon of e factor<:£ r{x ). 

The next atep is the application of the4)e t,,o 

types of irreducible polygons o the derivation of 1r-

reduclbil1 ty criteria. 

3. Pol;r&,ons of Type I. 

The first t~pe of polygon may bo plt c ed on the 

co- ordinate axes 1n five different poa1t1ons, giving 

rise to five forms of criteria: 



are: 

l. The irreducible side S forms tuo OWL.as oolygon. 
This is the Dumas criterion. 

2. The irreducible side Sis the first side of the 

Dumas polygon. 

.............. 
13 I 

C. 

Let A..., be the irreducible side S 

and BC the ne;gt side of the Dumas 

polygon • 

A =-(O,a ft ) :> = (n- k,a " ) C """ (n-l ,a1. ) 

It is then neoesoary to insure that 

no point of tb e upper lir.:i1 t polygon 

ralls on or above the line JJ3 po.rullel 

to BC. 

The conditions defining the irreducible side AB 

1. ) 

2.) 

(a,.-a 1r , n- k) ~ l 

&1t+ j la .. - a k\~ alt~j 
n-k: ) 

j -::: 1,2 .... ,n-k- 1 

The oondi tions definins the side BC aro: 

3. ) e is,-Eh a .. -a5 
k-1 n- k 

4. ) a \.+ j ( a tt-a i. ) £; a t+j 
\ k- l / 

J =l,2, •. . ,k-l-1 

The condition on the remaining sides of the 

Dumas polJgon is: 

5. ) 1 -= l,2, • •• , l -l 

Le t oL " '2:. e,1.. , • 1 -= 1,2, ••• ,n-1 

We no desire to insure that no point of the upper limit 

polygon falls on or above the line AB parallel to BC. 

There ere two necessary conditions, 



6 • . ~ ,, :: 

7. ) oL...,-ol,. ~.·.3.l n-1 - n- ·-
1=1,2, ••• ,n-l 

Two parallels may now be constructed through 

the end-points of AB suoh that they include the polygon P 

and the upper and lo 1er limit poly ens. Eence all p ly-

gons in R will also be included b• the par.llels end 

therefo a are irreducible. Therefor9 all polynomial f(x) 

whose coefficients satisfy conditions l.) through?.) are 

ir r educible. 

Speoial cases 

a. ) Tho point B is on the x- axis; 1. e . , a le= 0 

la. ) { a 11 , n - k ) ':; 1 

2a .. ) -.!.::,. a 1r. •i 
n- k J 

&a.) 

7a. ) o4, - oi,. a,+l 
n-1 ) 11-i 

J = l,2, •• • ,n- k- 1 

If these conditions are satisfied t(x) 

is irreducible. For example: 
xn ± lex""±.} p v . IL > ::l t 

where (m,v) = l, k f Ouaod p), 
,,'· 

0 £- l P and TI > 3 o 2 "',j. 

is irreducible. 

b .. ) The noint Bis on the x-a:xis at (l,O) 

l b. ) a ,. _, : 0 

R --- - - - B' 6 1,,.) o(._::e e ,..> O 

l b.) ...t..,... - c,1.,. > A~• l 
n-1 n-1 

1 -= 1,2, ••• ,n- 1 

or oi ...., > 
ln-TT 

( ~,;+l) +O',. 



For example: 

here 

X" ± l.: ± l ) II , 

:: f O (mod p) • 

is irreducible. 

c.) The Dumas polygon consists of but two sides; i.e., 

G -= {n, 0 l 

c.-

7c.) 

le • ) (a" -a~ , n-k ) = l 

2c. ) a ~+ : (a ... -a 1c\L .. 1t~J j -::: 1,2, ••• ,n- k- l 
n- .a. ·/ 

3c. ) 

4 &. 5c.) 1( a1t11. ) f:: a , 

60. } <><:: ........ a ,.~£ a ~ 
k 

1 -= 1,2, ••• ,k-1 

1 = 1,2, ••• tn-1 

If these conditi na are satisfied t'(.x) is irreducible. 

For example: 
" 1 ... .,..,, L " .c ± ".l> ±. p , n> m 

where (v-u, . ... .J., '- v-u.. 
n-m 'rYI 

iC / 0 (!::l.Od p) , 
)\). 

and p > 3. 2 ;!,f 

is irreducible. 

d. ) The point B is on the ordinate x -:::. 1.; 1. e. • B ( l ,c ,,__, ) 

3d. ) a"'_,-a L t.. a .,. - c .,.,_, 
n-1-: 

J -- l, 2, •• ,n- l -2 

5d.) i = l,~, •• ,l-1 





polygon is 

12.) 1 =2+1, •••• ,n 

Let !. -= 1,2, •••• 1n-l 

"1.'he cond1 t1on is now imposed the. t no point or the upper 

limit polygon fall on or above the line AB parallel to 

BC, this is 

13. ) c,.,t ,,. ,,.. .c., + l '-- a .1 - u 1r 
1 l -k 

i = 1,2, •• • ,n-1 

As before two pa.rallols may be constructed through 

the ends of AB which 1ncluac all poss ible polygons in R. 

Therefore f(x) satisfying c ndit1 ons a.) through 13.) is 

1rreduc1 ble. 

Special Cases 

a.) The Dumas polYi on has only two sides; i.e. , C ~(o,a ~) 
Ba. ) (a1c ,k) = l 

C 9s. ) 

lOa. ) a ... -u ~ > !.s_ 
n-k k 

1 -= l , 2 , • • • , k-1 

~7 

lla.) a L+ J(a .. - c i.)~aJ.. .. j j = 1,2, • • , 2-k-/ 
n- k 1 

1 -= 1,2, •••• ,n- 1 

Any polygon f(x) satisrying these conditions is irreducible. 

For example: 

here 

and 

{u, n-xn)::: l~ !.. >-L ' n n-m 
0 '-LL. p, kf O(mod s}), O "-k L p lr- (~,i ... _ ,. 

¾ 
p > 3. 2 If 

is irreducible. 



b. ) The point B is on the ordinate x c. l; 1. e. , B = {l, e. ,.,_/) 

C :: ( 0, a.,) 

C v~· Sb.) (a >r-, ,n-1) :: l 
\ 9b. ) \ a.,.,_, .... a.· n=r-r 1 = l,2, ••• ,n-2 

\ 
\ lOb.) a., -a.,,_, '> a ..., -, 

n-i 
13b. ) o!.,.+ 6.-+l L. a.,.-a,._, 1 = 1,2, •• ,n-1 

i 

Any polygon f(x) setistying these conditions is 

irreducible. 

For exru:iple: 

where 

and 

x"" ::t kp""x ±  l pv 

(u,n-1)~1, !.>__!!_, 
n n-l 

o t- l L. p, k. IO (mod p ) , 
nlf, 

p > 3. 'I-

is irreducible. 

c.) The point Bis on the ~i ne :- ==l; i.e., a= (n-k,l) 

100.) 

llo. ) 

1 = 1,2, ••• ,k-1 

a1-l '>l 
l -lc k 

l -t J (a, -1)~ ak-i-J .1 -.=: l, 2 , • • , l - k-1 

l2a.) nL+(1-2)(aL-ll:Si 1=1-t-l, •• ,n 
i-k i' 

13 0 • ) oL • 1 L -1 
"' + 1 l-k 

1 = 1,2, ••• ,n-1 

Any polygon f(x) satisfying the~e conditions is irreducible. 

For example: 
n ...., l \/ 

X =: kpX :1:. p 



where 

and 

V , n - ' n-m 

k f O (mod p) , 

p;, :. 2 '>,¼. 

~-3 
0~k L p.,.., 

1s 1rreduc1 ble. 

4. The irreducible side Sis the first side of the 

upper polygon. 

fJ 

Let AB be the irreducible sides. 

A = (n.o) 

In order that parallels may be 

drawn through the end-points of S 

which w1ll include all possible 

polygons, the c ndit1on must be im-

posed tha t no point of the upper limit p olygon shall fall 

on or above a line parallel to the x-axi s and through the 

point o 1
, the lower li.Illit point on the ordinate X-== n-k. 

It ~ ,. 1s the .maximum ot the numbers t>L1r ... , , •••• ,o1" , 
the condition that no point of the upper limit polygon fall 

above the line through B' is 

14.) cx1r- d r > ( J~+Ll, l(n-k) 
I=1i' 

i = k +l, ••• ,n 

The condition that the side AB be irreducible 

for all possible polygons is x-= 1. Tberefo-:-a 14.) becomes 

<=><, .o< ,.>(l +A.; ) (1!-l) 1 -= 2,5, ••. ,n 
1-1 



Snecial Case 

s 

R 

If p> ~. 2 'f, 

e>t, -of;,,> 2 (n-1 J 
i-1 

, 

or ot, > 2 (n-1) + ex,. 

This condition expressed 1n terms of 

the coefficients 1s 
IA, I> p ~.{->, -,J I ~ ... 1 

where \.¼.~l.2:.\A.:l 1=-2, ••• ,n 

Or it may be written 

\ l :L('l'I-•) 
A, > p 

n2. 
p > 3.2~ • 

It must be noted here that t h is io similar in form to 

Perron•s criteria (pp.21-22). 

5. 'rbe irreducible side Sis the ~ast side of the 

upper polygon. 

Let AB be the irreducible sides 

A = ( 0, ex)) ) E = (n-k, ..{_.) 

In order that parallels ~ay be 

drawn through the end- points or 
S wrJ.ch will include all possible 

polygons, the conditi n must be 

imposed tbat no point of the upper 

limit -polygon shall fall on or above the line a'c' parallel 

to AC the first side of the Dumas polyg on and through the 

point !.. 1 the lower l1m.1 t point on the ordinate x-:::: n-k. 

The oonditi on defining AC is 

·:,-o 



l.5. ) .... 1,2, •• ,. ,n-l-1 

The condition that no point of t be upper limit polygon 

tall on or above ~' c' is 

~ k -ol,. > 6.:+-<J1cs1:;z 8'),-8 t 
k-1 k-1 'n-2 

1"' l,2, ••• ,k-1 

The condition that the side AB be irreducible for all 

possible pol ygons is k = n-1. Therefore 

16.) ot->. -, • .,.c,.;, c,-+ 3-1-a ... - aL 
n-?. n-1-l n-~ 

1 =- 1,2, ••• , (n-2) 

S_pecial Cases 

a. ) If' c;,l..,.= A ... =- 0 this becomes 

b. ) 

16a.) ol.., _, -ot,,.;, 6~ r !3 
n-2- n-1-1 

?,/4 
If in addition to"""· -=- a.,=- O, p > 3.2 

o, =-1 and e have 

16b. ) ol,.,_.> 4(n-2) + <><,. 

In tems or the coetticients, 

It \A.._) p ' 
),1'f 

p,,. 3.2 

and I A,..._ ,\:> 
',<(-,,.-2.) 

a r \ 13 

whe,-,e \ .. .. \?-\ AJ 1-= 1,2, ••• , (n-2) 

then r (x) is irreducible. 

4. Polygons of Type II. 
The appl1ce tion of thi~ type or po lygon leads 

for the greater part to theorems conoerning the numbers 

and degrees of possible factors. 

Sf 



1. The Dumas polygon consists or tr.o straight lines. 

(. 

The Dumas polygon is defined by 

the points A=- (O,a,J · E -: (n-k,a " ) 

C (.u,O). The oentro- symmetr1c 

polygon ~.'J ' C 1a constructed. The 

oonditton must now be eppliea that 

tho upper 11m1t polygon shall not 

include the points ' . The line AB is defined by the con-
d1t1ons: 

l. ) a k. + j r~,-a 4:\~a,t~j 
Cn-k 1 

j =- 1,2,, • • ,n-k-1 

The line B~ is defined by th e conditions: 

2. ) ht. c. ,-a~ 
k n-k 

3.) !!..fl.. ~c ~· 
k i 

1 ::: 1,2,.,. ,k-1 

I The point B is (k, a,.-a k) 

If the upper limit pol yeon is to fall below the point~, 

all upper limit polyson points must tall belo1 a line 

t hrough B ' . 

This is the line y = a., -s."' -u (x-k) 

Therefore the condition is 

c,1..[ ~a ... -aA-m(n-1-k )- l - max Ll .; 

or 

1 =1,2, ••• ,n 

4.) °'-,~ a..-e.1,:"~ (i+ k)-1-.::.\y~ 
n 

Ir .a..,-aA,n-k) -: 1 and (ak ,k) =- 1; then f(x) 1a irreducible. 



I:r ( "' -'! .It ,n-k} l and (c,t ,k) ..,. e. tbon r(x) 1:t redu01ble 

has one raotor of degree n-}I; t-t l e.nd one ore more factors 
e 

o'f degree f E, where E. 1s one of the number 1, 2, • •• , c - 1. 
e 

If (a .... -a~ ,n-k) :: t and ( e ,t,k) = l then f (:.t) 1t reducible bas 

one or more rectors of aegree 

T~ + k 
t 

and one or mo ·e factor s of degree 7 b::,!. when r is one 
t 

of the numbers 1,2, ••• ,t-l. 

I:t' (a,. -a.{ ,n-k) =- t and {a Jc. ,!d -= e then r (x) 1:r 

reducible has only fectors hose degreea are or the 

form 7 -t .e: 1£ where 'l"= 0,1,2, . , • •• ,t- 1 
t e 

c. :: O , l , 2 , • • • • • , e-1 

That is, it may not have factors gbose Dumas polygons a.re 

the lines AB,BG. 

SJ;!eoi al Cases 

f) 

'-- , -" ' f>' -~-~ ' \ " \ 

a. ) 
.,,%_ 

It p '> 3. 2 , 6, ..:.l 

If also the point B lies on the 

ordinate J: ::: l; i.e., B = (l,a .,._, ), 

2a. ) ~ ,:.. a .., -a~-, 
n-1 

3a. ) fl-,, _, ..:. 
n=I" i, 

1 == 1 , 2,, •• , n- 2 

4a. ) °'· .t.. !'.a>, -e,,_, - 2 + !::?_ ( 1- 1) 
n 

It (a ,,,_, ,n-1) = l the polynomial is irreducible. 



b. ) If the point "? = (1,1); 1. e. , 

, the further 

conditions under which the polynomial 

1s in-educible are: 

2b. ) t. ..,;:,, l 

1 = 1,2, • •• ,n-2 

4b.) ~- 2a.,-2 "' a ~ (1- 1) 1 :: 1,2, ••• ,n 
n 

Thus all pol,YI1omials t1f the form 

,. " z ± kpx .± p m V > 3 

where 
3., - ~ 

k i O (mod p) , o"- k , p , 

m / 0 (mod p), C> c. m Lp ,,_, 
?,1/..,c. 

and p > 3.2 

are irreducible . 

2. The Dure.as polygon consists of three s~raight lines. 

~', , c' \. ... , 
\ \ \ 

\ \ \ 
\ ' 

8 --\.- ~B' 
\\. \ 

\ \ \ 
\ 

c.. \ \ 
\ 

The Dumas polygon is defined 

by the noints, .:. (O,a ,. ) ~ =- (n-k , t. ,4, ) 

C :. (n- 2 ,a< ) :) -::. (n,O). The 
I I centro-symmetr1c polygon JJ CA 

is constructed. For simplicity 

of algebraic expression let us 

suppose that the sides AB, BC, 

CD are irreducible, 

(a.,, - ft. ,n-k) ::: 1 

(aJc -a.2 ,k- 2 \ = 1 

(e 2, l ) :: 1. 

Xhe conditi n must now be applied tha t the upper limit 



polygon sbnll not iuolude the points • L and c '. 'f'hP,se 

Y: (k- l +- l)a1,-ak (x- 2 ) 
(k-z) 

I I The line ..,J ·J 1s 

Therefore the condition is 

6. ) (k- L.,.. l !f\ 1-ak (n-1- ) )-1-max ~ , 
(k- LJ 

Th.en t(7) has but tv10 factors if :reducible;one of degree 

(n-k -" 2 ) and one o!' degree (k ... ) ) ,\hose Dumas polygons 

are !. + r D and BC reapecti vely. 

5. Numerjcal Cases 

Furth~r application of these polygons to 

derive algebraic criteria does not seem advisable since 

they are so corup l1catod lo ata teme.nt. 

The application in numer ical cases will how-

ever frequently show that t.he polynomial under consideration 

1s irreducible ~1nco closed convex factor polygons Ollilnot 

be formed from th,, s des of th polygon of tha oolynomiol. 

For ex6C" ple: 1 (x) = 

:x 1 ±  (-o '+p)x l± (p 1-+ p3 }x,.+ p ; 

n > 3. 2 l'l/"f 1s 1rreduc ible 

since 1t 1s impossible to 

deeo.mpoae any of its possible 

polygons into closed convex 

rector polygons. 

So also is: 



a. ) 

where 

.,., 7 ,, '\ s-
.1. X,-.:. ±  \~ ~ Pi1 

"' ± l 1here :i > v. r 
irreducible for the same 

rea~on. 

Two other forms nf' i rrAr111c1ble polynomiru.s nre: 

( ) ..., .._ L 2v~ I tT' ... ± ,~ := I) 

, 
and 

1 i L ""O(l p) t 
... •-;~ 

r > • • 2 

is irreducible. he ryolynon 1p 'lf tvne I. case 2a. ) 

b. ) 

here 

) 
l, ,_ 'k-WI ) 

f. (J :: 7( ± :.:, y ±. ( 

- - 2 / +1 - .. .... ' 
., 2.. 4(n-. ) + 2 , 

O L..2 .t.. n 

V 

1s irreducible. The polygon 1s of type I, case 3a.) 



CHP.PT.,R V 

BIBLIOGRAPHY 

1. Chronological Bibliography 

1845 Scbo..1et1.t:.rn, "GrundzC.it-:e e1ner allgemeinen Theorie 
der ,oh~ren Congruenzen, deren Codul e1ne reelle 
Frimzahl 1st.'' Journal riir Uathematik. XXXI 
( 18 45} , 269-325. 

1846 Scl:onemann, "Von denjenigen lfodulen, welche Potenzen 
von Pr1mzahlen sind. '1 Journal fur f uthe.matik 
XXXII (1846), 93-100. 

1850 .Eisenstein, "Uber die Irreduot1bil:tt ''.t und e1n1ge 
andere Eigenschaften der Gleichuilb, von elcher 
die Theilung der ganzen Lemniscate abhengt . " 
Journal fiir Mathematik. XXXIX (1850), 166. 

Schonemann, "Uber ein1ca van Herrn. Dr. E1aenste1n 
aufgeste llte lehrsstze, 1rreductible Congruenzen 
betre:!"fend. "&Tournal fur Mathematik XL (1850), 
188. 

1860 Kronecker, "Uber die Irreductib1littit van Gleichungen" 
Mon"tsborichte, Akaaemie der wissenschaften 
Berlin. ( l880), 155-162. 

1887 RuDBe, "Uber die zerlegung ganzer ganzzahliger 
· Jf1..1.Dktionen in irreductible Jfactorcn." Journal 

riir Mo thematik XCIX (1887), 89-97. 

18 91 !!eyer, "Sur les 6<1uo.t1ons alg6orioues." Nouvellea 
Annales de t·a.the:-4a t1ques. ser. 3. X (1891), 111-124. 

18 94 l andl, "Uber die Zerlegung anzer, ganzzahliger 
1''1nkt1 onen in 1rreduc ti ble Fectoren. ·• Journal rur Mathematik CXIII (1894), 252-261. 

,,.e .igsbarger, "l~b"r die 1seuste1n 'schen Satz von 
Irreductib1lit~t al gebraischer Gle1chungen. " 
. 1 t zun e:i beri ch te, Akademie der w1ssenschaften 
Berlin 1894 Pt. , • 

fl 



1895 c _1gsbergcr, "Uber den Eiaenstein'schen Satz von 
""rreduct1 b111 tat algebra1scher Gleichungen." 
Journel fUr athemat1k. CXV (1895), 5~-?8. 

189? Netto, "Uber die Irredue.ib111 ti't ganzer ganzzahli ger 
Funktionen." fJathemetisoh6 lumnlen. XLVIII 

1899 

1900 

1905 

( 1897 ) , 81-88. 

~andl , "E1ne methode zur Zcr.J.e ung ganzer, gon1zahJ-
1ger Fune ti onen 1n 1rreduct ible Factoren." Jahres-
berichte der ~utsche Ba thoEStikor Vere1n1gunfi. 
IV (l897 ) 9b- 6. 

Kahan, "Uber ein1ge 1rrndut!1 ble Polynome. " .Tahrbuch 
uber d13 Fortschr1tte der athenDtik. XXX (189~), 
100. 

,,.~ 1igsbe1 ger, "Uber die F.n t .; ickelung > ot .c. elgebrai-
scher Functionen Uud Irreductib1li~Lt algebrai-
scber Gleichungen. ti Journal fUr a thereatik. 
CXXI (1900), 320-35°. 

Bauer, "Val"~. ll.Jeneinerung eines .,~tzes von S"l or emann." 
clournill ilr r atl!ematik. C:XXV1II (1905) , · 81-oS. 

BD.uer , nBeitreg zur Theorie der ineduziblen Gle1ch-
ungen. " .TournaJ 'fur t: e thematik. CXXVIII ( 1905), 
298- 301. 

Perron, "Uber eine J.nwendung d~r Idcaltnoerio auf die 
Frage na ch der Ir:i .. eo.uz1bil1 t t slgebrais~her 
Gleichungen. " Math~metiLabe Annalen . LX (1905), 
448-458. 

1906 Dumes , "Sur 1n elqucs cas d t 1rr~"" ctioili t .S , es 
poly"" 01 ler ' coeffic1onts rationnels. .Tou.rnal de 
Itather.n tig·ues. ser.e.IT (l 06),191-250 • . 

190? Perron, "Neue Kriterien tfur die Irroou~1"'111tilt 
alg~braischor Gleicbungen. n Jour~rl f ir_~-
ematik. CX1.XII (1907), 288-307. 

1900 Schur, "Problem 226" Arch1v der J thematik una Physi~. 
ser.3.XLII (1908), 368. 

1~09 ~estlund , "0nthe1rreducibil1 ty of certain polynomi als . " 
Amer icen £tthematioal J onthly. Vl (1909) , 66-67 

f 1~· ~l, "Solut i on or u prob lee by chur." Arch iv 
dor 1athamat1k und Physik. aGr . 5XV (l.909) • 271. 

Schur, "Problem 275." .Archiv der ~a thematik und 
Phys1k. ser . 5. XV (lOOg), ~59. 

1918 .. :cieel, "!rithmeti.c .~ E1genscbaften ganzer Funkt-
ionen." Journal athematik. CXLVIII (1918), 
l.01-112. 



1919 

1921 

1922 

Polya, "Ver.;;icheidene Bermerkungen zur zahlsntheorie." 
Johresberichte der Deutsche Mathemat1ker Verein-
igung. XXVIII tl~l9), 31.-40. 

Tej11:.1a •on the roots of an eJ.geb:r.a1c equation." 
To::iaku etbematic· l Journal. XIX (1921), 173-174. 

- " .... twangier, "Uber !Cri tericn :.ir 1rreduzible und f':i.r 
primitive Gleiohunsen und uber die Aufstellung 
effektfreior Gleiohungen." f.:!ethemet ische Annalen. 
I:XXrv (1922), 34-40. 

Ore, "Uber die Redkt1b111t~t in elgebra1schen 
ZS:hlkorpern." Norsl;: ~f:l te111atisk Foreninga Skr1f ter. 
( 19 2 ) ser. 1. 1 9. 

1923 Dines,•• A theorem on the factor i za ti on or po.lynom1a ls 
of certain types,'' .American r athell"£ ticel Society 
Bulletin. XXIX (1923), 440. 

~:i_ schak • "Irreducible Formen. ,. ,Tournel riir Mathematik. 
CLII ( 1923), 180-191. 

Ore, "Uber die Reduzibil1tct von algebreischer Gle1ch-
ungen." Christiani~ videnskapsselskapets Skr1fter. 
(1923) pt.I.#22. 

ore, "zur Tbeorie der Irreduzibil1teiskre1ter1en." 
iathemot1sche Zeitschrift. XVIII (1923), 2'l9- 288. 

1926 Brauer• Brauer vnd Ho:Pf , "Uber cl ie lrredu7.ib" 11 tats 
ein1ge Spezielle Klassen van Polynomen.~ Jebres-
ber1cbte der Deutsche nthemat1ker Vereinigupg. mv {1§26),99-112. 

H329 

1931 

1953 

' Ille, .inige Bermerkung zu einem von G. Polyr 
herr1hrenden Irreduzibilitotskriteriwn~" J&hres-
berichte der Deutsche lathematiker Vere1n1gung. rm ( 1926}, 204-2os. 

Schur, "Einige Jctzc ~ter Primzahlen m1t nuendung 
auf Irreduz1b1lit1' t frogen . " Sitzu,sberichte, 
Akademie der isseusch fte~ Berlin. 1929) p1 .1. 
125-130, 3'70. 

v,egner, '!Oh r die Irreduzibilitets einer Klasse von 
genzen rut1 onalen Funkti onon. 11 cTahresbericht e 
der Deutsche .othemetiker Vere1n1gung . XL (1931), 
· 39-241. 

Dorwart and Ore "Cr1teri for the irreducibility of 
polynomials.: nals of athen1.1 tics. ser. 2. XXIV 
( 19v5) • 1-94. 

Sbanoks ''Convex polyhedra and criterie 'for 1rreduo1-
bili ty. ,, Dis;oertation 1933, Yole Univers ity. 



2. Supplementary Bibliography 

1854 Heine , "\Jnter._uchungen uber ganze Tunct1onen." 
J'ournel :r-.i:- :t, athemetlk. XLVIII (1854)., 2!37-266. 

185? Dedekind,"Beweis fur die Irreduct1b111tuts der Kreia-
the1lung-Gle1ohUDgen." Journ 1 fJJ' i~thematik. 
LIV ( 1857) , 2?- 50. 

1882 Kronecker, "Grundz-Cgo einer ari tbmetische11 Theor1e 
der algebraischen Grossen.ff Journol rUr Math-
emet1k. XCII (1882), 10-12. 

1892 Hilbert , "Uber die Irreduz1b111t ~t gonzer rutioneler 
Funotionen ~it ganzzohligen Coefficienten." 
Journal fur ~e.themetik. CY '1892), 104-129. 

189'7 Capelli, "Sulla r1duttib111te delle equaz1oni alge-
briohe.n Rend1coot1 d1 ~upoli ser.5 III (1897), 
243- 252. 

Capelli, see also Netto, "Vorlesungen uber Algebra." 
Leipzig, vol. II, 39, 395. 

1~00 Hancock , "Methode de uec mpositio deo polynomes 
entiers a plusieurb vur1 b les.n Annales sc1eat1t-
1gues de l'ecole norma le superieure e Paris. ser.3. 
XVI I {HiOO), 69-102. 

-·oti gsberger, "Uber d ie Irreduc t1 b111 tat elgebraincher 
}unctionalgleichungen und linear Lifferent1elgle1ch-
ungen." tathemetische Annalen. LIII (1900), 49-80. 

1905 Bsuer , "~.ur Theorie der 1rreduz1blen Gleichungen." 
t athematik und 'e tur wissenschaftliche berichte 
a ua Ungar n. XX {1905}, 30-33. 

1906 ·ctndl, "Uber d ie Zerlegung von Functionen mehrer··r 
var1ablen i n 1rredukt1ble Faktoran. ' Journal fll' 
L a thema t1k. CYJ.:XI ( 1906), 40-48. 

1907 D1ckson , "Cr1 teria for the 1rreduc1bil1 ty of fUnct1 ons 
in a f1n1 te f i e ld. 0 J\merioan ~.a themntic el Soc1etI 
Bull etin. ser.2.XIII (Ico7) , 1-8. 

1908 Bauer , • lement are Irreduz1b111t~truntersuobungen. " 
n:ournal r:r l!a themot ik,. CXXXIV (1~08), 15-22. 

Dickson, "Criteria for the irreducibility of e recip-
rocal eq_uat1on.,. er1cun athemot1eal Society 
Bulletin ser.2.XIV [L908), 4L6- 430. 

1913 Glenn , "Theorems on Reduc ible uent1cs. " Annaln or 
otbemati cs. ser.2,. ; 1v (1913). 27-41 



1916 Blumberg, "on the factorization of expresa1ons of 
various types." .P.mericc1n l'sthematicel Society 
Transactions. XVII (1916), bl7- 544. 

Glenn, "Relating to the quadratic factors of a pol y-
nomiol." .American athei etical t:onthly. XXIII 
(1916), 313-315. 

1917 Frumweller, "Quadratic factors of a polynomial. " 
.American} athemuticcl Lonthly. '(XIV (H~l ? ), 
208-212. 

1919 1azzoni, "Sul problems dell' 1rreduct1bili ta d1 un 
equozione in un compo di rezionalitl generole. 0 

Atti dells Reale Accadernio 'azion&le ae1 Li ncei. 
ser.5a. XXVIII (1919), 129 . 

1920 Amato , rrsull metodo d1 Kronecker per ln decompos1z1one 
dl ,na funzione razic. ,Ple inters in un c~.mpo 
61D.pliata di ra·ziona11 tl. ttti della Real e 
Accademia Nazionale de1 L1nce1. ser.5o XXIX {1920) , 
99. 

P'UJ1 are, UbAr Kr1terien fur Irreduz1b1ltt "t 
ganzzahli~~r algebreisches Gleiohungen. 1 iohoku 
tathemat1cal J'ournal. XVII {l9c;;O), 10- 17. 

1921 Oishi, 11Crit eri"" "'..ir the 1rreducib111 ty of G :poly-
nomial." Tol.oku ethemeti eel Journal XX ( 1921 ), 
37-40 

Ore, "Cm Polynomers redukti b111 t '' t." Norsk ~etemati sk 
Tidsskrift . III (1921), 13...-144. 

Cbl~dak, "Eine neua etboden fur die Zerlegung 
reduktibler Polynome einer variebeln." Cosopsi s 
LI (1922), 97-101. 

1922 Hu" t.1riger, "_'ote s..tr la c.ecomposi tion en fecteurs des e 11at1onv a1b:u""1ques.,. Jlssoc1at1on frnnca i se 
pour l'evancemeut de science. XLVI (1922)~ 121- 122. 

Nocther, "Ein algebreisches Kr1 ter1um 1'ur absolute 
Irreduz1b111t~t . " ~athernAtische J..nnelen. LXXXV 
(1922}, 26-33. 

Ra O-, "Uber Krongruenzbed1ngungen der rationalen 
Lo~bcrkeit von algcbraischen Gl eichungen. " ~ -
emat1sche nnalen. LXYX'VIT (1922), 78-03. 

1923 Dorb1, "Sulla r1dutt1bil1~a lell~ equaz1on1 alge-
bricbe." Att1 dells Re~lt: t,ccedemie Naz1onale 
dei L1nce1. ser.6a. Y II (1925), 76. 

Huttir,ger, . ote a.Jr lo (18C imposition en facteurs des e iv.a't10ll;;; lL ,, ~..,.iques. 1 J\ssociati on franca i se 
po .... r l 'avsn9 dLe.Jt de science,. XLViI (1923~, §a-99. 



1924 01: / : k, "Einigo ' .. ~e 1iber die zerlegung von Poly-
no en einer Ver 'nderlichen." Casopa1s . LI1I (1924), 
247-251 .. 

Ore, ""u.:. Theorie der -1sensteinschen Gleichungen." 
rat e:c.tfltisohe Zeitschrift. XX (H1"4), 267-270. 

Sopmen, "E1n Kriterium fur Irreduzib111tft ganzer 
Funktionen in e1nem bel1eb1gen algebra1schen orper." 
atbemotische Lnnalen. XCl (1924), 60-61. 

1925 Fischer. "Uber absolute lrred~z1b111tet ." Uath -
e~at1sobe nnclen. XCIV (1925), 163-165. 

1926 DorLe, "Zum H1lbertschen Irreduz1b1litatssntz." ~-
emet1sche Annalen . XCV (1926), 84-\J?. 

1 or ve, "Uber die reduzi blen Polynome und der Porroal 
Gleichungen . " Mathematische Annelen. XCV (1926) 
247-249. 

Ostro, ski, nuber eine Erwei terung der Irred" z1b111 t~t 
begriffs und 1hre AnTwendung auf ein funktionen 
theoret1oohes Problem." Jahresberiohte der 
Deutsche ethemetiker Vercin1gung . XD:V (1926), 
91-96. 

1927 D t-ge, iI,l cc' er Bewe1s der fiilbertsohen Irreduz-
1b1li tctss~tz." Jathematische Annalen. XOV! 
{ 192, ) , l ?6-.l82. 

1929 .::..,e;,e, Bemerkung mm J 1 lbertschen Irreduzi b1li tat-
.·siitz. n t'athematische Annalen. CII (1930), 
52l-5St:. 

"" ':5--)e, "Uber die Beduz1b11· ;;·, von Polynomen im 
Z:orper der reelen Zahlen. '' Lethemetische Annalen. 
CII (1930). 726-737. 

1930 Gourin, "On irreducible pclynor.1ials in several vsr-
ivbles thich become reducible hen the varic:Jbles 
are replaced by powers of themGelves.n .Acier1cen 
1 ethemeticcJ. Society, Transactions. XXXII {1930) 
4'6~-001. 

von der .aerden , "Bina Bermerkung uber die Unzerleg-
b•.rkeit von Pclynomen . ' I athornatische J.nnalen. 
OII ( 1930) ?38-739 --

Notto, " 1or lesungen uber P.lgebra1• Leinzig.. 1896. Vol. I, 56. 

Polye und Szego, ~•11ufgaben und ¥hr:.,atze aus dor tnalysis." 
Berlin. 1926. ol.II, 137, 347-350. 

Serret, "Coure d' all"ebre S'J':'\Or1eure." 



ADDENDA 

· l.. Abs tract 

Instead of th! open Dumas polygon usually 

applied tor the deduction of irreducibility criteria, 

a closed convex polygon is introduced, depending both 

on the size an d the divisibility properties or the 

coefficients. For tbia polygon an approximate multi-

plication theorem holds and this may be used to deduce 

irreducibility oriteria dependinB on tbe size or the 

ooefti c1ents. 

2. Report presented to the American l athemet1cal 

Society, March 30, 1934 

In 1906 Dwnas applied Newton's polygon to 

deduce 1rreduc1b111ty criteria. This polygon for 

r( ) " A .,.._, A X ':: X "'- , X + •••• -,. .., 

(Ii rational integers) ~as def1ned as the least con-

vex polygon lying belo and including the points 

P == (n-1,a d 
where a r 1s the 1ghest power of a rational prime p 

dividing A;. The product of t~o polygons gas defined 

as the polye on formed by laying oft the sides of the 

factor polygons in order of 1ncre3s1ng inclination. 

Dumas proved for these polygons a product theorem: 

.. 



The polygon of the produot oft o factor is coincident 

1th the product of their polygons. Hence if the poly-

gon of a polynomial cannot be broken up the polynomial 

is 1rredue1ble. 

In applying the Ne~tonian polygon to functions 

of tT.o variables 

if the points (1,j) are plotted we obtain a closed 

convex polygon, the least polygon including all of 

these o1nts. A similar product theorem con be shoun 

tor these closed polygons. 

Returning then to the consideratlon of r(x) 

1 t is poss ible t... !'! te t (x) in the form 
\It ol.,• 

f ( X)" ? .. X: pj 
,~ c) ... ::() (.) 

here the coerr10..:.e.·11.s r .. ,u-e all less than p. 
l.d 

Then 

the plotting of tbe points (1,J) ill again define a 

closed convex polygon, the lower sides of wlich coincide 

with the Dumas polygon and the upper ~ides of bi ch 

are dependent on the magnitude of the ab.solute values 

of the coorr1cients. 

It is ro.md in so doing that such an upper 

polygon exists but that when we consider a product 

theorem the upper sides of the polygon or tie product 

P~1 uo no t necessarily exactly coineide with those of 

the product or the polygons ~-'" .... • This is due to 

the ~act that 1n the process of -~ltiplication the 

SUI!llllation or tr.ma oontu1ning like po ors of x ay 

cause the increase or decrease of the pow •rs of p. 

.. 



It can however be shown tor th.is upper poly-

gon that if a polynomial is considered as the product 

of ~actors, f(x} and g(x), the product of the polygons 

of the factors P~+-P~ lieu on or within certain limits 

e.bou t the polygon of the product P8,_ . That is, e plot 

tbe points defined by a given polynoLial and construct 

its polygon ~ ~1- . On each ordinate e then lay ott 
certain distances, dependent upon the abscissas, above 

end belo~ the polygon, and construct the two polygons 

lying above and including these t,10 sets of points. 

The product or the polygons of the factors P ~+ P, then 

is one of the polygons lying on the limits of, or within 

the region uefined by the t~o limit polygons. 

These limits of the upper polygon have been 

proved for all polynomials whose coeffio1ents are real 

or complex numbers. The point defining P~ ... p1 on the 

ordinate X = n-1 may ot lie tnore thnn log(3.2,:c ...... -.:.J) 

above and not more than log( ;_ +l) bel ow the polygon P~, 

when th1~ is defined by the points loc lAl\. Fro~ oert~in 

cons16ernti'lns notad in tho uee or this method, I reel 

that i.hese can be improved . 

The proof depends on the fons1derat1on of the 

sharpness of the corner points of the product of the -

polygons. Here sharpness of a corner point is defined 

as the ratio of tie slopes oft o consecutive aides of 

the polygon. It is shown that for corner points wbose 

sharpness is greater t han or equal to four tha point 

of and the oorreapond1ng point or cannot 



differ eatlJ. For a corn r point ~hOG8 slarpne~s 

1s less tan tour the previously st ted 1 1t 1s found. 

Applying these poly one tote deduct1on or 

irreducibility criteria, e find c rtein typeu of poly-

eons 1ch are irreducible. The Irr dueib111ty criteria 

thu~ dor1ved are algebraic in fo~m e1milnr to those 

g1 ven by Perron in 1 07 but ore cuerel. 

Firet, suppooo that Pis o polygon 1th one 

1rreduc1ble sides. If it is 

/ poss1 ble to f1IJd o pair of 
I 

,, pnrallol:; L ,, ... z. :hrough the eod-' ... ,.. 
I , points of 3 ~wch tbat Plies 

I 

entirely w1tb1n these parallel s , 

then Pis 1rreduc1ble. 

Second, conf:i1aer th convex polyeon of 

polyno 1 1. Dra the lino oon ec 1n tho end- oo1nts 

of the Duoes polygon , A J> ) • 

Conoid rlne t.~ ic-po1nt · of 

t11s 11n as center , construct 

above tb · 11n th corner po1ots 

end sides neces~nry to form 

1th tho existing Dumns poly on 
I I I ) a eontro-synmetric polygon \ 8,c • 

If the upper 11o1t poly on eonte.1ns n ne r thn corner 

points ot tis constructed polygon, tb n no factor poly-

on ney have e its Dutms polygon o se~uence of the 

first k sides or tbe or1£1nil polygon. 
If under the ebove cond1t1ons ~he nuoas polygon 

""' 



l 

has butt o sides cont. ining no 

lattice points, then f{x) 1s 

irreducible. 

It it has but three 

sides a, ,t-1.z.. ,r,3 , each crossing no 

lattice points, the only possible 

factor polygons are those two having as Dumas polygons 

S C' - C" 
I ,I- .J 3 ana. '- ~• 
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